BC Calculus Solutions 2023 MA® National Convention

1. | C | I False
1. True
1. True

2. | A fopg = ﬁff(xln(x))dx

Using integration by parts: u = In(x), du = i—x, dv = xdx,v = %xz
J(xin(x))dx = =x?In(x) — f ( )

J(xin(x))dx = —x2 In(x) — —x +C

J; (xln())dx = [ (4 In(4) - (43| - [; (D) - 5]

fl (xIn(x))dx = 81n(4) — 4 + Z = 81In(4) — 14_5

favg = = [} (xin(x))dx = 2In(4) -

3. B | 4sin?(x) _ 4 sin(x)
}CI_I}& (3 sin(x) cos2(x)-2 sinz(x)) - }cl_rf(l) (3 cos2(x)—2 sin(x))
. ( 4sin?(x) ) 4 sin(0)
x—0

3 sin(x) cos?(x)-2sin?(x) = 3 cosZ(O) 2sin(0)

. 4 sin?(x)

,1612(1) (3 sin(x) cos2(x)—2 sinz(x))
2 2

4 IA Y =r |G- ) - (2 —1—<—2)) | dx

V=ml[25-(x*+1)?|dx

V= nf_11[25 —x* —2x% — 1]dx

— 1 5 2.3 1
V=m|25x—-x =x X
5 3 _1

v=22g
15
> D f; (;jl) dx = 3In|x? + 1|3
f: (xsx )dx =3In(9+1)—-3In(4+1)
[} (2%)dx =3n10 —In5] = In8
6. | A|s = (csc?(t),tan?(t))
% (2 csc(t) (= csc(t) cot(t)), 2 tan(t) (sec?(t)))
% am = <2 csc (%ﬂ) ( csc (34 ) cot( )) ,2tan (T) (sec2 (%ﬂ)))
e = 2(V2)(—VD(-D,2(-D@)
il = (4 =4)

4

speed = ds
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7 I. Divergent by comparison test with Y7, (\/—15)
I1. Converges by the ratio test
I11. Divergent by comparison test with ), (ln?n))
8. 10 =S
1 1\2
M(x) = 2+4( E) 8(x—5)
1
(=2 s o) <2
g(Z) 1-(3/4) 2732
Q. r = —4sin(0) x = rcos(0) y = rsin(0)
r' = —4cos(0) x' =1’ cos(8) — rsin(0) y' =r'"sin(08) + r cos(6)
r(s?”) = —4sm( ”) =23
r' (S?n) = —4 cos (—) =-2
x' (S?n) = (—2)cos (5?”) — (2\/§) sin (5?) =2
y' (%n) = (=2) sin (5?”) + (2v/3) cos (5?”) =2vV3
dy _
Y 3
. 1 3
slope of normal line = — (ﬁ) =-7
10. Yy =Yo+ f(to,¥o)(t — to)
y(32)=0+3-0+1)(0.2) =0.8
y(3.4) = 0.8 + (3.2 — 0.8+ 1)(0.2) = 1.48
11.

[ sin(4x) sin (x) dx = [+ 2 sin(2x) cos(2x) sin (x) dx

¥ sin(4x) sin (x) dx = [ 4sin(x) cos(x) cos(2x) sin (x) dx

[ sin(4x) sin (x) dx = [ 4sin?(x) cos(x) cos(2x) dx

[ sin(4x) sin (x) dx = [+ 4sin?(x) cos(x) [1 — 2 sin?(x)] dx

¥ sin(4x) sin (x) dx = [+ 4sin?(x) cos(x) dx — [+ 8 sin*(x) cos(x) dx

J§ sin(4x) sin (x) dx = isin3 (x)|Z — gsin5(x) |Z
0

fo%r sin(4x) sin (x) dx = _( (Q)S

) -
fog sin(4x) sin (x) dx = E(i) ( )

z . V2 2 2\/_
J sin(4x) sin (x) dx = Pl
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2. |A|+ _ 2 2
(x—=2)(x+3) T x-2  x+43
10dx 10 2 2
f3 (—2)(x+3) =1 (ﬁ_m) dx
10dx
f(x ST, =2In|lx—2|—2In|x+ 3| +¢
10dx
f (x— 2)(x+3) | | tc
10dx 3-2
f3 (x=2)(x+3) =2In (ﬁ) —2kn (E)
7 10dx 1 1
f3 (x=2)(x+3) =2In (5) —2kn (E) =In9
13. | E 3 _ g sin(2x)
fg (tan(2x))dx = fg (COS(Zx)) dx
fg(tan(Zx))dx = i
6 6
In|cos(2x)| is not continuous on the interval Eg] because In |cos (2 G)>| does not
exist
14. | B | ;. [(1—€°)cos(0)
i | erino)
ling g] is undefined, use L’Hopital’s rule
x-0L
[(1—e* : [ [(1-¢%) cos(x)
lim (1-e ?cos(x) — lim dxc[i e*) cos(x)]
x-0L e*Gsin(x)) 1 x-o0 | S;le*(sin(x)]
. [(a=e*)cos(x)] _ ;.  [-sin(x)—e* cos(x)+e* sin(x)
alcl—r}?) | eX(sin(x)) | }cl—r}(l) | e* sin(x)+e* cos(x)
. [@-e*)cos(x)] _ ;. [-sin(0)—e® cos(0)+e® sin(0)
}cl_l;% | ex(sin(x)) 1~ }Cl_llr(l) | e9%sin(0)+e0 cos(0)
. [@-e®)cos(x)] _ ;. [o-(1)(1)+0] _
i | ~oGme |~ im [ rmm )
_1\yn+1 n
15 A ln(l + x) — Z?f:l( 1) - (x)
_1\yn+1 _1\n
InGx) = In (1+ (x — 1) = Xz, S
16. | B | The shape of the graph is a conical Frustum

2
SA=2nfy/1+(Z—i) dx
SA =2m f214 (%x) /1 +idx = 7TT\/gfzmxdx

sa=5F ()]

2

sA =75 (98) - 22 (2) = 48V5n
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sin(80) has a period of %” or%
_1¢b 2
A= Ef%tr deo
A= %fog(sin(SH))de
Recall cos(2n8) = 1 — 2 sin?(nf)
1,2 1
A= EIOB —nz [COS(166) - 1]d9
1 —_—
A= —Zfos[cos(166) —1]d6é

A=—

T

A=—1x (isin(me) —9 5)
4 16 0

|

Lo-0-(-0)|=%

3_ 2_ _
70 A im (%) =2js undefined, use L’Hopital’s rule
Py x2-16 0
. (x3-2x2-2x—24 [ (x3-2x2-2x-24)
lim (2—) = lim | &—;
x—4 x=—=16 x—4 a(x2—16)
. x3-2x%-2x-24 . 3x%2—-4x-2
lim ( > ) = lim (—)
x—4 x“—16 x—4 2x
3_ 2_ _ 2__ —
lim (x 2x2 2x 24) _ 3?42
Py x2-16 2(4)
. x3-2x%2-2x-24 48-16—-2 15
lim ( > ) = =2
X4 x<—=16 8 4
18. | C b P
— ay
L—fa< 1+(dx) )dx
@ = 3vx
dx 11
L= [ (V1+9x)dx
3 11 i 3
L= 2(1+9x)2 _2(149(11))2 _2(1+9(7)2
27 - 27 27
7
311 3 3
L= 2(149x)2 _ 2(100)2  2(64)2
27 27 27
7
3,11
L= 2(149x)2 _ 2(1000)-2(512) _ 976
27 - 27 27
7
19. | D
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20. 1 C | 4= [7(f(x) — g(x))dx where f(x) = 8 — 4x and g(x) = x* — 3x + 2
From Algebra: f(x) and g(x) intersectat x = —3 and x = 2
b
A= 2(f00 - g0)dx
2 1 1 2
A= f_3(6 —x —x%)dx = (6x — Exz — §x3)|_3
A= (12—2—§)—(—18—3+9) =1
= —f:;(fZ(x) g%(x))dx
= aj [(64 — 64x + 16x?) — (x* — 6x> + 13x? — 12x + 4)]dx
= —f (60 — 52x + 3x2 + 6x3 — x*)dx
— 1 1 ¢ 2
y= 5[(60x—26x + x3 + x —oX )|_3]
— 1 243 243
y = §[(120 — 104 + 8 + 24 ——) ;3(—180 234 — 27 +—+—)]
y=5;1(48-%) - (441 + 52+ 57|
— 1 32-243 243 1 243
y = (489 - 2= —T)Sz = (489 — 55 - 22)
— 1 243 1 /62
y=5(834-7) =5 (%)
v—_0 (925)_1
y_2><125(2)_ 2
21 | B | 2 4 [sin(6)]y, = 0
d
f%(y—h) = [ —sin(t)
In|y,| = cos(t) + C;
Vi = C ecos(t)
4= Cze“’s( ) > C, = 4e”z
1
yn = (46 Z ) ecos(t)
y(m) = (4e_% ) £coS(M) = 4o
22. | D

:_x RGO % (LT ®]dt) x Z—Z where a is a constant
L (JMF@1de) == (Fw) — F@)) x 2
L ([MTF@©ldt) = fu) x =

h(x) = ;—x(ffz[e‘“]dt) = 2xe?*
h(2) = 2(2)e*®* = 4¢16
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23. x=t3 y =3t5—t’7
5 7
3 s —_—
t=3Vx > y=23x3—x3
d 2 7 4
D 5x3 — -x3
dx 3
d?y _ 10 _§ 28 é
dx?2 3 5%
d?y 10 1 28 1
—| =783 -=(8)3
dx?ly=9g 3 9
dzy 10 56 41
dx?ly—_g 6 9 9

24.

Conditionally convergent if ),(a,,) converges but }’|a,,| diverges
I. Converges Absolutely (comparison test e* = Y>>, (X ))

nt
I1. Converges Absolutely (geometric series with |r| < 1)
I11. Conditionally convergent (comparison test Y ; (%) diverges)

25.

Letu = In(vx) and dv = dx
du = \/%(%x_%) dx v=x
du = %dx
JIn(Vx) dx = xIn(vx) — [ x (i) dx
JIn(Vx) dx = xIn(vx) — f%dx
JIn(Vx) dx = xIn(vx) — %x +C
[, In(vx) dx = [16In(V16) -3 (16)| - [41n(VE) — 2 (4)]
[,°In(vx) dx = [16In(4) — 8] — [4In(2) - 2]
[,°In(vx) dx = [32in(2) — 8] — [4In(2) — 2] = 281In(2) — 6
A+B+C=28+2+6=36

26.

L= r2+(2—;)2d6

L= [Z/(csc(6))% + (= csc(B) cot(h))? db

L= fzg\/cscz(e) + csc2(8) cot?(0) do

6




BC Calculus Solutions 2023 MA® National Convention

217.

C

xyz—z+4x2+y2 =0

Q)2--4-()

d
Letu =2 Then 2 = u + x ==
X dx X

(u+xd—u)——4—

——du = ——dx
4+2u
Zln(4+ 2u?) =—Inx+C

Var2uz ==

P

=)

2 _ K—4x*
T 2x2

With the initial condition, K = 576 and y = /ZSSX 2 The largest value of x in the

domain of this solution is the one that causes the numerator to equal 0. Solving
288 — 2x* = 0 gives x = V12.

28.

First, simplify using long division

V/1—2x% +x* 1 4
f — dx=J <x2—3+ > )dx
1 x+1 1 x+1
f11—2x+x P !
x2+1 *=

1 1
—x3 —3x l+4f (2 )dx
-1 L \xe+1

3

[ () ae=[G3) (-5 +9)]  sneancore
1 (1 —2x% +x

x2+1
L1 —2x% +x* 16
[ ()= [543

Jl 1—2x2% +x* = 2 16 6w —16
A2 U A

16
) dx = [— ?] + 4[arctan(1) — arctan(—1)]

-1
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. 2 d .
29. | D | consider [ ——=——for a? > b% + c2. bcosx + csinx =
0 a+bcosx+csinx

Vb? + c? sin(x + 8) for some 8. Periodicity can eliminate the +6 with a
substitution. Let k = Vb? + c2.
f21r dx _ J-Zn dx _ (T dx J-n dx (T 2a _
0 a+VbZ+cZsinx JO0 a+ksinx Y0 a+ksinx 20 a—ksinx Y0 a2—kZsinZx -

/2 4a _ [m/2 4asec x _
fO a?(sin? x+cos2 x)—k2 sin? x - fO a?+(a?-k?)tan? x dx. Letu = tanx. Then
== sec?x.
dx 5

/2 4asec” x (™ 4a 1 e 4a
fO a?+(a?-k2)tan? x fO a?+(a?2-k2)u? du = a?—k?2 fO u2+( a )Z du.

Ja2-k2
x %)
4a arctan—z
. . _ 2 -
Evaluating, this equals ekl =L Witha=7andk? =62 +32 =
@ ——| ~ Ve
=l
45, this evaluates to .
30. | B

:—xf(x) = [ f(x) dx. f(x) = e* and f(x) = e~* are well-known solution to this
equation. Differentiating gives ;—;f(x) = f(x), which also provides the solutions

f(x) =sinhx = and f(x) = coshx = elre™

ex_e—x

for a total of 4.

2




