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. Note that the first two derivatives of the well-known series

Using the formula for the sum of an infinite geometric series, this is 1_—11/2 = .

Using the Maclaurin series for e”, this is .
Since Y [xi] - > [y;] = > D [xsy;], this can be split up into two infinite geometric

: 1 1 _5.7_[%
SETIeS. T8 " 117 — 4°6 |24/
Similar to in part C, the sum can be split up into two e* sums. e'! - e =|e?*|

. Deriving using the Product Rule, f'(z) = 7(z — 1)%(x — 4)? + 2(x — 1)"(z — 4) =

(x — 1)%(x — 4)(92 — 30) = 3(x — 1)%(x — 4)(3z — 10). We are interested where
this changes sign, so eliminate 3(z — 1)%. (z — 4)(3z — 10) changes from positive

10
3 |

to negative at x =

. Similar to in part A, we are interested in where (z — 4)(3z — 10) changes from

negative to positive. This occurs at x = .

. Deriving using the Product Rule (and now also the Chain Rule) again, f”(x) =

18(z — 1)°(z — 4)(3z — 10) + 3(z — 1)%(3z — 10) + 9(x — 1)%(z — 4). Plugging in
v =2gives 18 -1+ (=2) - (—4) +3-1-(—=4) +9-1-(=2) =144 — 12 — 18 = [114].
f(2)

. f(x) is a monic degree-9 polynomial, so £2=2 is a rational function where both the

f(x)
numerator and denominator have degree 9, making us only care about the leading

coefficient. (iig)g =1512|.

. The slopes of the tangent lines must be £+/3. f/(2) = —2x, and this equals /3

when z = j:\/Tg, so y = 2. The tangent line is thus y = —2v/3 4+ 2. The height

3613
48

of the equilateral triangle is %,

. . . 19 . .
so its side length is 3 and its area is

3

. The distance from the z-axis to the graph is the diameter of the semicircle

.. . 2
d, and the area of the semicircle cross-section is Z - (91) = .

2 2
2
[LE—a?? de = 3 2t =822 +16) do = 3 (2 - % +160) ]| =[52]

0

nd?

Integrating,

. The region is symmetric about the y-axis, so its centroid has an x-coordinate of 0.

The distance from the centroid to the axis of rotation is 6. By the Theorem of
Pappus, 27 - 32 .6 = 11287 ]. The Shell Method can also be used.

-+, so sin(z?) = 2 — g—? + %0 — ---. When taking the
sixth derivative and evaluating at z = 0, only the 2% term will be relevant.
~8 — 51— [120]

1 1
T AT gy and

(1_2@3. Looking at series representations, ﬁ = Zm", ﬁ = an”fl, and
ﬁ =Y n(n—1)2"2 =2 + 62 + 1222 + 202% + - - -. The desired quantity is
half this. When taking the 20*" derivative and evaluating at = = 0, only the 22
term will be relevant. This term is § - 22 - 2122, and its 20™ derivative evaluated

2= 21111, 11+ 21 =[32].
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A. Let u = 22 + 16. Then du = 2z dg. L [*%du —|In2

. The integral equals f04 (1 — L) dr = 4 — 16 fo

. The integral equals fo (z—16 + 20

Lef=1—x+ $—2 —soe = 142242 :”4 +---. When taking the eighth derivative

and evaluatmg at z = 0, only the 2° term will be relevant. 8 =8-7-6-5=]1680]|

. Noticing that the denominator factorizes, consider partial fraction decomposition.

Let 9200 = - £ +2 Q . Multiplying by the quadratic, 6x—16 = P(x—4)+Q(z—2).

When z =4, 8 = 2Q) andQ—4 When © =2, —8 = —2P and P = 4. Thus, we
are deriving ﬁ + 1474. Notice that these can be written as the sums of infinite

geometric series. - + -4 = —ﬁ — 17—2/4 = —(14—%_1_%4_%34_...) _
<1 + % + % + :g—i + - > When taking the 4th derivative and evaluating at x = 0,

. . . 4
only the z* term will be relevant. This term is — 75 — 555, and its fourth derivative
—(jg —24_ 24 _ 3 3 _|_51
evaluated at v =0is =35 — 556 = —5 — 35 = | 55 |

16 w 2 |

Let £ = 4u. Then

z2+16 . 2+16
_ 1 4 1 ! du __ arctanu 0w . P
dr = 4 du. fo ot v =710 wa = }0 = {;- Plugging this into the

quantity from before gives the original integral as having value .

. The integral equals f04 (1—-2%) de=4-16 f4 dr_  Eyaluating, [ -9 =

Z+16 416" 0 z+16
In|z 4+ 16]] =In20 —In 16 = In5 — 21n 2. Plugging back in, the original integral

has value 4 +32In2 — 161n5. 4 + 32 +2 — 16 + 5 =[27].

250:) da. Split up the integral to f04(a: —16) dz+

N 4
256 f ! i"iﬁ The first integral evaluates to % — 164 = —56. The second integral

can be solved as in part C and has value 256In5 — 512 In2. The original integral
has value —56 — 512102 + 256 In 5. —56 — 512 + 2 + 256 + 5 = | —305 |

. The horizontal component of Croix’s movement is 50. The vertical component is

/602 — 502 = 10v/11. The time it takes for the vertical distance between Croix

.. 330 _ 33 _
and Ursula to decrease to zero is o/ = VAT = 3v11l|.

. Ursula’s position is (50t,0), and Croix’s position is (0,330 — 60t). The distance

between them is D = (50)2+ (330 — 60¢)2. Deriving, 2D D’ = 100(50¢) — 120(330 —

60t) = 0. Solving 50t — 12(33 — 6t) = 0 gives 122t = 396 and ¢ = | 32 |

. 7g is pointing in the direction of the positive y-axis, so let v5 = (0,1). Croix

moves to (0, —210) while Ursula goes to (100,0). 03 is in the direction of the
segment connecting these two points, so let v5 = (100,210). vg - 03 = 210 =

1-4/100% + 2102 = 10v/541 cos §. This solves to cosf = \/QL so cos®f = | 447 |

. Croix will have to travel 330 feet north at 60 feet per second, which will take

330 = L seconds. In that time Ursula will travel 4 - 50 = 275 feet, so Croix needs

to be thls far east of Ursula before making her turn north. Croix gains 10 feet of
horizontal distance on Ursula every second so she must travel east for 2 seconds.

The total distance Croix travels is % - 60 + 330 = 1650 4 330 = feet
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6) A. Rewrite the equation as x® + y* — 2zy = 0. Deriving implicitly, 32> + 3y2 & _
2y—2x% =0, so %:?j;—f’g. When z =y =1, this i 1s.
B. 2y — 3223y? — 2z = 1. Multiplying, 2y —32* = 3y* — 2z, so 3z%+3y? — 22 —2y = 0.

Completing the square, (x — %)2 + (y — %)2 = %. The area of this circle is %’r )

C. The maximum value of y occurs when & 2 =0,s02y = 322, Plugging this in,
23+ 1y° = 323, s0 P = 223 and x = % Solving 2y = if gives y = 2‘[
2+4+3=[9]

D. Converting to polar, r3

2sinf cos
sin® 6+cos3 0

2
. 15 2sin 0 cos @ _ 5 _ sin26cos? 6 _ tan? 0 sec? @ _
Integratlng’ 2 f02 (sin3 6+cos3 0) df =2 f02 (sin B4-cos3 0)2 df =2 f02 (tan3 6+41)2 df =

cos®0 + r3sin®f = 2r2cosfsinf and r =

_2(®d _ _ 27 _[2
20 i du =3 T = -2]7 =]
n n 2
) A. B (5)} = [20 50n:|, so eXe = le() 605} The product of the nonzero entries of

this is .

2
L . 2 1 100 x, |10
B. Note that X, is nilpotent with {_4 _2} = [O O] Thus, et = [O J +

[_24 _12} = [_34 _1 1] . The product of the entries of this is .

1 2] for n > 1. While

. . 21"
C. It can be shown inductively that {4 8} =9 [4 3

k
00 _ 1 2 69 269 .
S 9t {4 8} =3 {4@9 869:|7 this uses [
48  2e9-2

the identity matrix. Making the adjustments, eXc = [4699_4 8699“] . The sum of
9 9

in the £ = 0 term instead of

OO~
©1000 b
| S

Be+1
==

the entries of this is

D. Noting the given diagonalization of X, recall that if M = UDU!, then M"™ =
UD™U~!. This will prove useful in computing X%. The sum of the eigenvalues of
X4 is 11 (its trace), and the product of the eigenvalues is 18 (its determinant),

-1 3][2F 0 4 =3
so A} = 2 and Ay = 9. Thus, e*¢ ZkOk,-(——) 14l lo of| |=1 —1|"

— _ _o2 3.9 _
Moving the sum in, this is —% [ 11 3] [% 09} [4 31 = — [eg izg] [_41 _ﬂ =

4 e -1 -1
9,9 4,2 2 9,9 3e944e?  3e2—3e2
-1 { 3 de 3e 3e } = { } . The sum of the entries of this

7 7
9 2 9 2
4e? — 4e  —4e” — 3e? de’—de” de"43e

7 7
is [2¢°).

8) A. Usingu = 2% +9, y(4) = 19+ [ 62va2+9 dz = 19+ 3 [7°u du = 19 +
[26%/2]” = 19 + 250 — 54 = [215]

~J|—=
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10)

B.

>

. The diagonal of the cube is 2, so its side length is % and its volume is

Tyﬂ dy = 2+4$+1 dx. The left side can be mtegrated with u =
y? 4+ 4y + 1; the right side surnphfles tor+2——=5 Integratmg, 7 In ly? +4y +1| =

Separatlng,

% +2r —3lnjr+2|+C,s0y? +4y+ 1= Kf :2)6 (taking note of the 1n1t1al

condition to resolve the absolute values). When z = 0 and y = 1, 6 = 64, SO
K =384. When v = —1, ¢y  +4y +1 = 3;4, so using the quadratlc formula,

y=—2+,/3+38 —24+3+384-3=382]

T2,/

. > +3y%y = e®. Since 3y* = (y?)’, multiply both sides by e® so e*y3+3e*y*y’ = e**

Since e” is its own derivative, the left side can be recognized as the Product Rule
. . 2z o . . .
derivative of e"y?, so e?y® = &~ + C and y* = < + <. Plugging in the point (0, 0),

¥15
52

—Qez.Whenw_21n2y———1: SO Yy =

C——— so Y3 5=

— &
2

. Let y = 2. Then 2*-r(r —1)a" 246z -ra" ' + 62" = 0. The left side simpliﬁes to

2" (r? +5r +6) =0, s0 r = —2 or r = —3 and the general solution is y = & + <

Plugglng in (1,4) gives C; + Cy = 4, and plugging in (2, ) gives Cl + 2 CZ —%.

201+ Cy = —4,s0 O = —SandCQ—IZandy———— When:p—4 this is
12 8 _3 _ 1_[_5
64 16 16 2 16 |

8V3
=

Since the spheres are identical, the maximum radius of each sphere would be half
that of the orlgmal sphere, and the volume would be one eighth of the original

volume, or ir = .

. If the height of the cylinder is 2z, then the radius is v/ 1 — 22 and the volume is

27z(1 — x?). The derivative of this equals 0 when —3z% +1 =0, or z = \/Lg The

473
9 |

volume of the sphere is

. The base of the cone would have radius v/1 — 22 and thus area 7(1 — z?). The

height of the pyramid is 14z, so the volume is £(—2® — 2?42 +41). The derivative
of this equals 0 when —32? — 22+ 1 =0, or = = 5 (ignore the z = —1 solution).

321
81 |

The volume of the pyramid is

. f'(z) = 1. This equals 20 when 2 = 55, s0 a = 26 + In 20 and e* =
. ¢'(z) = 2x 4 4b. This equals 20 when = 10 —2b. ¢(10 —2b) = (4b2 —40b+ 100) +

(400 — 8b*) 4+ 61 = 161 — 4b*. Plugging into the line, 161 — 4b* = 20(10 — 2b) + 25,
so —4b? 4+ 400 — 64 = 0. Solving b? — 10b+ 16 = 0 gives a larger solution of b =

. h'(z) = 2cx + 4. This equals 20 when z = %. h(®) =% 42461=2461.

Cc

Plugging into the line, % + 61 = 1;20 + 25, so ? =36 and ¢ = 196 )

. j(x) will be tangent to y = 20x + 25 when j(z) — (20x + 25) has a horizontal

tangent on the z-axis. g—ﬁ = 20z + 25, so 2022 + 252 — d = 0. This is a quadratic,

' is, g2 4 fz 4 5\2 _ d 4 25 _
so its vertex must be on the z-axis. z° + 7 2% =0, so (x+8) =36 1+ 22 = 0.
d— 50 _[_125

64 16 |
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11)  A. 77"(t) = (2t,2), and 05'(t) = (t* + 4, 2t). When ¢ = 2, these accelerations are (4, 2)
and (8,4) and have magnitudes of 2v/5 and 4+/5, respectively. The product of

their magnitudes is .
B. 71(t) = (t* — 1,2t), and 05(t) is given. When ¢ = 3, these velocities are (8,6) and
(21,13), so the speeds are v/82 + 62 = 10 and /212 + 132 = v/610. The product
of their speeds is [ 10v610 |

C. 77'(t) = (t*—1,2t), so the speed of the particleis /(12 — 1)2 4 (2t)2 = V4 — 212 + 1 + 4¢% =
5
Vit +2t2 + 1 = >+ 1. Arc length is the integral of this. f45(t2—|—1) dt = % +t =

140 _ 76 _[64
3 3 7 |3

D. 03(t) is perpendicular to a line with slope —2, which can be represented by the
vector (1, —2) (or for ease of calculation, (3, —6)). The dot product of these must
equal 0. ¢34 12t — 6t> — 24 = 0. Recognizing the {1, —6, 12} pattern of coefficients,

3 —6t2+ 12t —8—16 =10, 50 (t —2)* =16 and t = |2 + 2v/2

12) A. V= 47;" so 4 = 4mr?%. Plugging in values, —Cm = 647 - A, s0 A = —

4
dy _
Yty :v2 z’

as needing partial fractions, [ <— — L) dy = [ (L — %) dx. This solves to

os)

. This is a separable differential equation. Recognizing both of these

y+1 z—1
In |45 ln‘ |+C’ SO yH—Kzlfl). Solving xy = K(xzy +x —y —1) for y
gives y = M This is a line when the denominator has no x terms, so K =1

z—K(z—1
and y=x — 1. Thus, B=A —1.

C. Senketsu gives the position directly, so x5 = —A(54 + 8) = —62A. Junketsu gives
the velocity, but this can be integrated to get position, noting that the constant
will be zero since the pulling starts from the origin. z; = —B (% + % + %)
Plugging in x = 6 gives v; = —B (216 + gg + 20) = —B. The net position of the

720
shirt is the sum of these two actions, so C' = —62A — B.

D. This is solved with index-shifting. D =" B S B shee (e DIBME

n! n=1 (n—1)! n=0 n!
IB| (Zoo n|B|" +3 Iill") |B| (e|B| +3 ﬂ) |B|(elB! + | BleBl) =
elPl(B? + |B|)~
The question is self-referential, and a system of three equations must be solved to
determine the values of A, B, and C; B must be found to calculate D. Plugging
C' = —64A and B = A—1 into the equation from part C gives —64A4 = —62A—(A—1),
or A= . It follows that B = and C' = . That value of B can be plugged

in to obtain D = .

13) A. PR is the base of the triangle and has length 2. The height of the triangle is

sint. Thus, the area of the triangle is sint. The rate of change of the area of the

triangle is therefore cost, and at t = 2{ that is equal to —% )
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B. The area of the hexagon is M ?’f - (" 4 12¢"3 + 36t"?). Deriving, the

dat’ )
rate of change of area is M (43 4 36t + 72t')-— = 6t'\/3(1? 4 9t + 18)%‘

dt

When ¢ = 4, this is 24v/3 - 70 - 3 =|5040v/3

C. Rewrite the equation of the ellipse as {3 -+ 7 \/)2 = 1. The area of the ellipse is \/LE
Deriving, the rate of change of area is — 557 Zj When ¢ =9, thisis =57 -3 =|—% |

D. Let the triangle have perimeter x, so the square has perimeter 16 — z. The side

z 2
lengths are £ and 4 — %, respectively. The total area is w + ( - §)2 =

2\f+< 2a:+16> Deriving,M+§—2:O,sow<%§+%>:2.x:

48  _ 64v/3-48
g = 644 34+48 413 =[128]

$ T
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