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SOLUTIONS:

1. B : odd function→ 0

2. C :
2∫

0

(x3 + 3x2 + 5x + 2) dx =
(

16
4 + 8 + 5·4

2 + 4
)
− 0 = 4 + 8 + 10 + 4 = 26

3. D :
∫ 1

−1

(
20252025 x2025 + 1

)√
1− x2 dx = 20252025

1∫
−1

x2025
√

1− x2 dx

︸ ︷︷ ︸
odd⇒ 0

+

1∫
−1

√
1− x2 dx

︸ ︷︷ ︸
area of unit semicircle

= 0 +
π

2
=

Π

2
.

4. A : I =
π/2∫
0

ln
(
tan x

)
dx

π
2 −x=x
−−−−→ =

π/2∫
0

ln
(
cot x

)
dx =

π/2∫
0

ln
( 1

tan x
)

dx = −I → I = −I → 0

5. C :
∫ 1

0
e x+ex

dx u=ex
−−−→

∫ e

1
eu du =

[
eu]e

1 = ee − e

6. D :

√
2∫

0

x
x4 + 4

dx t=x2
−−→ 1

2

2∫
0

dt
t2 + 4

=
1
4

[
arctan

(
t
2

)]2

0
=

Π

16

7. D :
π∫

0

sin x sin 2x dx =
1
2

π∫
0

(
cos x− cos 3x

)
dx =

1
2

[
sin x− sin 3x

3

]π

0
= 0

8. D :
π/2∫
0

sin x
cos x + 1

dx
u=cos(x)−−−−−→

0∫
1

− du
u + 1

=

1∫
0

du
u + 1

=
[
ln(u + 1)

]1

0
= ln 2

9. A :
∞∫

0

arctan x
x2 + 1

dx x=tan t−−−−→
π/2∫
0

t dt =
[

t2

2

]π/2

0
=

Π2

8

10. C : The value inside the root is 3→

π
3∫

0

√
3 dx =

√
3
[

x
]π/3

0
=

Π
√

3
3

11. B :
∞∫

0

dx
ex + 1

u=e−x
−−−→

1∫
0

du
1 + u

=
[
ln |1 + u|

]1

0
= ln 2

12. B :
∞∫

0

x2

(x2 + 1)2 dx =

∞∫
0

( 1
x2 + 1

− 1
(x2 + 1)2

)
dx x=tan t−−−−→

π
2∫

0

1− cos2 t dt =
Π

4

13. D :
π∫

0

(x + 1) sin x
1 + sin x

dx x=π−x−−−−→
∫ π

0

(π − x + 1) sin x
1 + sin x

dx =
1
2

∫ π

0

[
(x + 1) + (π − x + 1)

]
sin x

1 + sin x
dx =

π + 2
2

∫ π

0

sin x
1 + sin x

dx =
π + 2

2

π∫
0

1−
(

sec2 x− sin x
cos2 x

)
dx =

π + 2
2

[
x− tan x+ sec x

]π

0
=

π + 2
2

(π− 2)→ Π2 − 4
2

.

2



MU INTEGRATION 2025 MU ALPHA THETA NATIONAL CONVENTION 2025

14. A :
2∫

1

2x9 + x6 + x4

(x8 + x5 + 3x3)2 dx =

2∫
1

2x3 + 1 + x−2

(x5 + x2 + 3)2 dx =

2∫
1

2x5 + x2 + 1
(x6 + x3 + 3x)2 dx u=x6+x3+3x−−−−−−−→

78∫
5

1
3u2 du =

73
1170

→

1170 mod 73 = 16 · 73 + 2 mod 73 ≡ 2

15. E :
3∫

0

x2025

−18− 3x + 13x2 + 7x3 + x4 dx =

3∫
0

x2025

(x− 1)(x + 2)(x + 3)2 → Divergent

16. D :
1∫

0

ln Γ(x) dx =

1∫
0

ln
(

π csc (πx)
Γ (1− x)

)
dx = 1

2

∫ 1

0

[
ln π − ln sin(πx)

]
dx = 1

2
(
ln π + ln 2

)
=

1
2

ln(2Π)

17. A : If f (x) =
1

Γ(x)
[
Γ(x) + Γ(1− x)

] , then f (x) + f (1− x) =
Γ(x) + Γ(1− x)

Γ(x)Γ(1− x)
[
Γ(x) + Γ(1− x)

] =
1

Γ(x)Γ(1− x)
=

sin(πx)
π

, therefore kI =
1∫

0

sin(πx)
2π

dx =
1

2π

[
−cos(πx)

π

]1

0
=

1
Π2

18. C :
9∫

1

(
3
√

x−
√

x2 − 1 +
3
√

x +
√

x2 − 1
)

dx t=x−
√

x2−1−−−−−−−→ 1
2

∫ 9−4
√

5

1

(
t

1
3 + t−

1
3

)(
1− 1

t2

)
dt =

1
2

∫ 9−4
√

5

1

(
t

1
3 + t−

1
3 − t−

5
3 − t−

7
3

)
dt. =

[
3
4 t

4
3 + 3

2 t
2
3 − 3

4 t−
2
3 − 3

8 t−
4
3

] 9−4
√

5

1
=

165
8
→ 165 + 8 = 173

Alternatively, consider m + n = y, m3 + n3 = 2x, mn = 1, (m + n)(m2 − mn + n2) = (m + n)((m + n)2 − 3mn) =
y(y2 − 3) = 2x, solve the integral from here by using the inverse.

19. D :
7∫

3

ln(x + 2)
ln
[
(12− x)(x + 2)

] dx x=10−x−−−−→ 1
2

∫ 7

3

ln(x + 2) + ln(12− x)
ln[(12− x)(x + 2)]

dx =
1
2

∫ 7

3
1 dx = 2

20. B :
ln 2∫
0

arctan(1+ ex) dx t=ex
−−→ I(a) =

2∫
1

arctan(1 + at)
t

dt→ I′(a) =
2∫

1

dt
1 + (1 + at)2 =

arctan(1 + 2a)− arctan(1 + a)
a

and I(0) =
π ln 2

4
⇒ I(1) = I(0) +

∫ 1

0
I′(a) da =

3Π ln 2
8

Alternatively, substitute u = ln(2)− x and add. Recall the identity arctan(a) + arctan(b) = arctan( a+b
1−ab ). If we do

arctan(1 + ex) + arctan(1 + eln 2−x), a+b
1−ab = −1. Since 1 + ex > 0, 1 + eln(2)−x > 0, the sum is −π

4 + π = 3π
4 . The

desired value is 3π
4 · ln(2) ·

1
2 =

3Π ln 2
8

21. D :
∞∫

0

1

22bxc + {x}
dx =

∞

∑
n=0

n+1∫
n

dx
22n + x− n

=
∞

∑
n=0

1∫
0

du
22n + u

=
∞

∑
n=0

ln

(
1 + 22n

22n

)
= ln

(
∞

∏
n=0

(
1 + 2−2n

))

∞

∏
n=0

(
1 + x2n

)
= (1 + x)(1 + x2)(1 + x4) . . . (1 + x2k

) =
1− x2k+1

1− x
→ lim

k→∞

1−
(

1
2

)2k+1

1− 1
2

= 2⇒ ln 2

22. E :
1∫

0

arctan x
x
√

1− x2
dx x=sin θ−−−−→ F(a) =

∫ π/2

0

arctan(a sin θ)

sin θ
dθ → F′(a) =

∫ π/2

0

dθ

1 + a2 sin2 θ
=

π

2
√

1 + a2
and F(0) =

0→ F(a) =
π

2
sinh−1a⇒ F(1) =

Π

2
ln
(

1 +
√

2
)

.
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Alternatively, I(α) =
1∫

0

arctan αx
x
√

1− x2
dx, I′(α) =

∫ 1

0

1

(1 + (αx)2)
√

1− x2
dx; x = sin(θ) =⇒

∫ π
2

0

1
1 + (α sin θ)2 dθ.

Factor sin2(θ) from both the numerator and the denominator and apply the Pythagorean identity.

23. A :
∞∫

0

x4

(x4 + x2 + 1)3 dx =

∞∫
0

dx

x2
[(

x + 1
x
)2 − 1

]3

u=x+ 1
x−−−−→ 1

2

∞∫
2

u du
(u2 − 4)4 =

Π

48
√

3

24. B :
π/2∫
0

ln2(tan x) dx =

π
2∫

0

[
−2

∞

∑
n=0

cos(2(2n + 1)x)
2n + 1

]2

dx = 4
∞

∑
n=0

1
(2n + 1)2

π/2∫
0

cos2(2 (2n + 1) x) dx = π
∞

∑
n=0

1
(2n + 1)2 =

π · π2

8
=

Π3

8

Or tan(x) = u→
∞∫

0

ln(x)2

1 + x2 dx x=eu
−−−→

∫ ∞

−∞

u2eu

1 + e2u du =
∫ ∞

−∞

u2e−u

1 + e−2u du = 2
∫ ∞

0

u2e−u

1 + e−2u du = 2
∫ ∞

0
u2

∞

∑
n=0

e−(2n+1)udu =

4
∞

∑
n=0

(−1)n

(2n + 1)3 =
Π3

8

25. D I =

π/2∫
0

sin x + 2 cos x
1 +
√

sin 2x
dx

x 7→ π
2 −x

−−−−→ 2I =

π/2∫
0

3(sin x + cos x)
1 +
√

sin 2x
dx =

π/2∫
0

3
√

2 sin
(
x + π

4
)

1 +
√

sin 2x
dx = 3J. Let x = π

4 + θ,

then J =
π/2∫
0

sin
(

x + π
4
)

1 +
√

sin 2x
dx = 2

√
2

π/4∫
0

cos θ

1 + cos θ
dθ = 2

π/2∫
0

cos θ

1 + cos θ
dθ = π − 2→ I =

3(Π− 2)
2

26. B I(α) =
∫ 1

0

x ln(α + x)
1 + x2 dx. I′(α) =

1∫
0

x
(1 + x2)(α + x)

dx =
1

1 + α2

1∫
0

[
αx + 1
1 + x2 −

α

α + x

]
dx =

α

2(1 + α2)
ln 2 +

π

4(1 + α2)
− α

1 + α2 ln(1 + α)→ I(α) =
1
8

(
ln
(
1 + α2

)
ln 2 + π arctan α

)
+ C

I(0) =
1∫

0

x ln x
1 + x2 dx =

1∫
0

x ln x
∞

∑
n=0

(−1)nx2ndx =
∞

∑
n=0

(−1)n
1∫

0

x2n+1 ln x dx =
∞

∑
n=0

(−1)n
[
− 1
(2n + 2)2

]
= −

∞

∑
n=0

(−1)n

(n + 1)2 =

−
∞

∑
m=1

(−1)m−1

m2 = −π2

12
· 1

4
= −π2

48
→ (I(1) =

1
8

(
ln2 2 + π2

4

)
− π2

48
=

ln2 2
8

+
π2

96
→ 12 + 2 + 1 + 96 = 111

27. A : lim
n→∞

n
π/4∫
0

ex tann x dx

 x= π
4 −

t
n−−−−−→ lim

n→∞

nπ/4∫
0

eπ/4−t/n

(
1− t

n
1 + t

n

)n

dt→ eπ/4
∞∫

0

e−2t dt =
eπ/4

2
=

eΠ/4

2

28. E : lim
n→∞

n
1∫

0

xn

x3 + 1
dx

 u=xn
−−−→

1∫
0

u
1
n

1 + u
3
n

du n→∞−−−→
1∫

0

1
2

du =
1
2

29. D :
1∫

0

x
√

x ln(x)
x2 − x + 1

dx x=u2
−−−→

1∫
0

4u4 ln(u)
u4 − u2 + 1

du = 4
1∫

0

u4(u2 + 1) ln(u)
u6 + 1

du = 4
1∫

0

(
ln(u)− ln(u)

u6 + 1
+

u4 ln(u)
u6 + 1

)
du

Note
1∫

0

u4 ln(u)
u6 + 1

du
v= 1

u−−→ −
∞∫

1

ln(v)
v6 + 1

dv v6=t−−→ − 1
36

∫ ∞

0

t−
5
6 ln(t)
t + 1

dt → I(α) =
∞∫

0

t−α

t + 1
dt → I′(α) =

∞∫
0

− ln(t)t−α

t + 1
dt →

4
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I′
(

5
6

)
β−→ I(α) = Γ(t)Γ(1− t) = π csc πt→ I′(α) =

−π2 cos(πt)
(sin(πt)2

t= 5
6−−→ −2

√
3π2 → 4(−1+

2
√

3π2

36
) =

2
√

3Π2

9
− 4

30. B : Recall the identity of φ− 1 = 1
φ . Write the integral to

∞∫
0

xφ arctan(x)
x(xφ + 1)2 dx =

 1∫
0

+

∞∫
1

 xφ arctan(x)
x(xφ + 1)2 dx

.
Note

∞∫
1

xφ arctan(x)
x(xφ + 1)2 dx =

0∫
1

1
xφ (

π
2 − arctan(x)
(x−φ + 1)2 · x · −1

x2 dx =

1∫
0

xφ(π
2 − arctan(x)

(xφ + 1)2 · x dx

So the desired value is
π

2

1∫
0

xφ

x(1 + xφ)2 dx xφ=u−−−→ π

2φ

1∫
0

1
(1 + x)2 dx =

Π

4Φ

5


