Mu Limits and Derivatives
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Mu Limits and Derivatives Answers and Solutions

Solutions:

. L ,
1. E . x3/2 is undefined for x < 0, so lim 2— does not exist.

x—0 sinx

. C e - .. d
2. : We can use implicit differentiation to solve for (T;C

¥ —3y+6xy+9y° —x=6

Zx(%) 3+6x+6y<3 )+ 18y —%:o

d
At the given point (—3,2), de =
y

Alternatively, notice that if we let u = x + 3y, the given equation is equal to u> —u — 6 = 0. Taking the derivative

with respect to y gives (2u — 1)(‘;—;‘) = (2u— 1)(5;‘, +3)=0= Z—’y‘ = 3.

L . .0
3. : Plugging in x = 3, we obtain the fraction > :@.

4. . Since f(x) = x> +5x% + 8x+2 is continuous on the interval [~3, —1] and differentiable on the interval
(=3,—1), the MVT states that there exists some value x = ¢ in the interval (—3,—1) such that
f(=1)—f(-3
(DA _ g
(=1 —=(=3)
f(=3)=—4and f(—1) = —2, and solving 3¢ + 10c + 8 = 1, we obtain the values ¢ = —% and c = —1.
. . . . 7
The latter does not work because it is an endpoint of the interval; thus, the sum of values is 3

5. : First expand the equation:

D—si < n) N V3 1 N 3 . N 1
= Sin —_ — COSX = — SInxX — — COSXx COSX = —SInx — COSX
6 2 2 2 2

Then, take the derivative and solve for x:

3 1
D = £cosx—Esin)c:0:>tanx:\/§:>x:

547:
2 3

"3
Plugging back these two values, we see that the maximum value of D is

(Alternatively, the amplitude can be found with (?)2 +(3)?2=1)

6. : Compare the largest limits on the numerator and denominator. As n — oo, n*Inn < n3, so 3n? is the
largest term in the numerator; similarly, 613 is the largest term in the denominator because it has the highest
3001

3n
r. lim —
powe lim =5 = 5

7. : f(x) = xsin®x = f/(x) = sin®x + 3xsin® xcosx = f’(%) = 2+17;\E =a+b+c :.

8. : r= 8+800s9:>r’:ﬂ. Whenﬂzg,r:%@, r’:—l,sin@zﬁ,andcosezé. Plug-

2v/8+8cos 6 2
ing in these values, & = 7 Sn0+rcosd_ _Q
ging dx  r'cos@—rsin@ 7 [
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9.

10.

11.

12.

13.

14.

@ : Lety, = x,zl —6x,+2,my, = Z— 2x, — 6, and x,,11 = x,, — 2. We can set up a table as follows:

m

n Xn Yn my Xn+1
0 1 -3 —4 1/4
1 1/4 9/16 711/2 31/88
2 31/88
31
Xy = %

s
n

[S]

@ :  The area of each petal of the rose curve r = asin(n0) is / % sin%*(n0)d#, so the total area of a rose

A 5 s
2
curve with an odd number of petals (as with n = 3) is ﬂ%.

2
A
A :n% = C;—t = a; Z? Since @’ = 3t?, a = 13 +C; since a = 3 when t = 1, C = 2. Plugging these equations

back in, we get that Z—? =5 (3t2)(t3 +2), which equals whent =2.

o f() = <x3—|—3x2—|—§)
x=1

tangent line y = 5(x — 1) + 8 gives y =| 8.05

= 5. Plugging in x = 1.01 into the

=38, and f'(1) = <3x2+6x’%)

x=1

: Recall the Taylor series representations of the following functions:

2 x3

X
=1
e’ +x+ = o + = 30 +-
t A=
anx = x —_—
3 15
L x3 x
SINX =X — — + 3 +--
We can manipulate this first series to obtain:
5
x —
xe* =x+x° —|— o +--

xeX:—tanx_ (x+x3+~--)7(x+%3+---) 23 1
Plugging these in, our desired limit Find )1613(1) . — = —1/6_
(x=% 4 )—x

@ : Lety=x"*1 Then,
Iny = Inx(Inx+1) = In> x+ Inx
y’ 2lnx+ 1
y X

Atx=e,y=¢?, soy—62<)

Using Leibniz’s Rule for derivatives, (uv)" = g)( )("> + (YI’) (u) =D ()M 4 (;) (u) =2 ()@ 4 ...
Therefore, FR05)(x3e¥) = (2%25) 3 + (2025) (3x%) + ( ) *(6x) + (20325)6)‘(6) and £2025)(0) = 6(20325) _
12025 % 2024 % 2023 |
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15. @ : Recall that the Taylor Series of f(x) centered about x = ¢ can be expressed as Y (w) and that

=0 n!
i . . . . . 3
ef=Y (“:l—':) Now, substitute # = x> and multiply each term by x° (to obtain the Maclaurin series of x>¢* ).
n=0

X a3 (g(2025)(0))x2025 2025
n!

2025
, We can see that 30551 = a7~ Thus,

This is then equivalent to Y ( ). Taking the term with x

n=0

2025!

(2025) () —
! ) 674!

(Note that this method can also be used to solve #4.)

16. : Dividing both sides of (y' cosx + ysinx = xcos4x) by cos®x gives y' secx + ysecxtanx = xcos’x. The
left side is the derivative of (ysecx) with respect to x, and, integrating, we get

2

2 1
ysecx = /xcoszx = /x—i—%os(x) = % + % sin(2x) + gcos(Zx) +C

Plugging in the point (0,0) gives C = fé; then, whenx=%,y= %(ﬂz +4m—8), which givesa+b+c = .

17. : Let L= lim v/x0 +2x* — 1 — v/x8 +4x6 + 202 +2 = lim (x° 4 2x*) /3 — (x® +4x0)1/4
X—ro0 X—>oo

2N1/3 _ 2\1/4 1/3 _ 1/4
= lim (1+2/%) (1+4/%) . Substituting u = 1/x? and using L’ Hopital’s rule, L = lim (1+2u) (1+4u) =
x—yo0 1/x? u—0 u
. _ _ 2 1
;%%(ZLH- 1)723 — (4u41)73/4 = 1= ~3

18. . We draw the following diagram, where Tiger is standing at the midpoint of the hypotenuse of the triangle:

2y

Then, using the Pythagorean Theorem, x> +y? =9 = 2x(x') +2y(y/) =0
2x=2and2(y) = —2v2 = x=1,y=2v2 and y = —/2. Plugging in our values, we find that x’ =

19. : Adding the second wall to the previous problem, we get the following diagram: (Note that the dot now
corresponds to the height of Tiger’s eyes above the ground rather than the height of his feet.)
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20.

21.

22,

23.

5
6
3
Using the tangent subtraction formula with tan (@) = 2~ and tan (8) = =, tan () = 1+6’1‘0 = (63—<§)Z?1 0=
62
_3(x—6 . .. —3(x2—12x+46)+6(x—6)2
%. Then, taking the derivative, sec?(6)(8’) = e (x271;x+)z:;)§x (). sec?(8) = 1 +tan’(0), and

plugging in x = 1 and x’ = 4 (found in the previous problem), we find that tan(8) = 13, sec?(6) = %, and

6 =4(1355) (135) = fis = a+b=[163}
@: By L’Hopital’s rule,

lim fBh—=1)—f(=h—1) ~ lim 3£/ Bh—1)+ f(—h—1)
h—0 2h h—0 2

=2f'(-1)

f(x) =2 43x+4=f'(=1) = (2x+3)

=1,502f'(—1) =[2]

x=—1

: By the Fundamental Theorem of Calculus,

v(x)
;x/u(x) F@)dt =i (x) f(u(x)) — V' (x) f(v(x))

In this case, the upper bound is a constant, but the lower bound is not, so

70 =L [ 1oy = ~2x(¢)logs(2)
Therefore, f'(v/3) =
[B]:
2 2 1
f(x) = arctan (E) = f/(x) = m éigr%f/(x) =

(In this case, the discontinuity in f(x) does not affect the limit of the derivative.)

f(x) =23 +4x2 +2x+ 1, and " (x) = 6x% + 8x+2. To find the critical points of £ (x), we let £”(x) =0,

which gives x = —1 and x = —%. Plugging these back into f”(x), we get 1 and %, respectively, and the positive
8
difference between the two is 77
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24,

25.

26.

: Substituting m = 2n gives

L= lim <Z(+mzn4(2m))>

and using the limit (Riemann sum) definition of an integral,

3

2 1
:/ i
o l4tan*x

Substituting u = 5 — x then gives

s
2 1 tan® x
L= P ey
o 1+ cot4 tan4x+ 1
. 1 T . ..
ince cot(x) = —— =tan(= — x). Then, we add up the two equal versions of L, givin
S an 2 Th dd h 1 fL
X

o — /2 tan® x + 1 E
tan*x+1 2

Therefore, L = .

2
: The curve of y = :i:%\/ 9 — x2 is equivalent to that of % + {—6 = 1. Now take a cross section from a plane
along the major axis of this ellipse:

Let’s now simplify this problem to a circle with radius 1 (this is not necessary but is slightly simpler):

2

Then, the radius of this cylinder is V = 7(v/1 — a?)?(2a) = 27(a — a®). To maximize V, let V' = 27(1 — 3a?) =
43
9
the ’radii” in the three directions corresponding to the axes. These lengths correspond to 4, 3, and 3, respectively,

4Ar\/3
soV = 5 9.4 = 3| (Note that there is another way to orient the cylinder that gives a larger volume;

however, this second orientation does not fit inside the ellipsoid).

0=a :%:5 V= . Then, scaling this back up to the cylinder in the ellipsoid, we multiply the volume by

. First, use the identity cos®x = 1 — sin?x and substitute x = sin 6. This gives

.z .z 'l 1
I= /2 cos> 0 1In(sin 0)d6 = /2 cosB(1 —sin®0)In(sin ) = / Inx dx—/ *Inx dx
Jo Jo Jo 0

Then, performing integration by parts (using u = Inx and v = dx for the first integral and u = Inx and dv = x*dx
for the second) gives
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27.

28.

29.

30.

3 3 1

I= <(x1nx—x) - (%lnx— %))

At x = 1, this evaluates to —g; since Inx is undefined at x = 0, we can do the following:

0

—In(1 —1
limx® Inx = limM —lim %9
x—0 x—0 1/x3 u—soo 13
. . . .. 8
The same applies to 11n(1) xInx, so at x = 0, the integral evaluates to equal 0, giving I = )
X—

: ¥ +y?=4=y=4V4—-x2=L=x+3y=23y+/4—y2. Then, when L is at a relative maxi-
mum, L' = 3+ - =0=3/4—y2=y=36-92 =y’ = y= 6 . From this, wegetthatx:i and

2\/4—)? V10 V10
L=x+3y :%: 2v/10

. Using integration by parts, we get that / e ldt = @ Alternatively, since by definition, I'(z) =
0
(z—1)!,T(4)=3!=6.

L T+ -1 [y e dr—1 . ,
N )lcll;[} m = )lcll;[} W By deﬁnltlon, F(Z) = (Z* 1)', SO F(Z) = F(l) = 1, meanlng

that our limit is an indeterminate form. We can then use L’Hopital’s rule and differentiation under the integral
sign:

Xt gy %0 X ,—t o0, —t
lim Jo tie ldr—1 ~ lim Jo t'e'Inxdt  [Fte 'Inxdt

=l [P letdt— 1 7 xs1 [P letinxdt [T e Inx dt

The bottom integral is simply —¥; then, using integration by parts with u = 7Int and t = e~'dt, we obtain:

/ te 'Inx dt = —tlnte™’
0

+/ e*’lntdt—k/ eldt=1-vy
0 0 0

Thus, our limit is equal to l_;yy =[1— 71/ .

S u= ﬁ Then, as x approaches 0, u will approach oo and —eo from the right and left sides, respectively.
C e . . . 812 . 16
Thus, this limit can be rewritten as )}grolo (14 $)7*, which equals .

2In(148si 16cosx
lim n(1+8sinx) lim 1£8sinx

Alternatively, liII(l) (14 8sinx)2er = ex>0 ™ = pxs0 2 — 016 (through L’ Hopital’s Rule).
X—




