Mu Individual — Solutions MAG® National Convention 2026

Answers:

O 00N O UV B WN B
WO @O @mMm>X> > 0O

R R R R R R R R R R
L 00 N o Uk WNE O -

NN RNNNNNNNNN
W NPk WNPEO b
0 o O W@ >> OO OO > M P> O >0 @®OO0 M

w
©



Mu Individual — Solutions MAG® National Convention 2026

Solutions:

N |.m(x/1+4xlexJ_lir%{(*/““Xlex)(J1+4x+J12x)

X x<\/1+4x+\/1—2x)

9| x(V1+4x +J1—2x)

(1+4x)-(1-2¢9) |_ . 6X __ 6 5
o\ A (VT+ax+41-2x) | V11

sin® x cos® x sin’® x cos® x sin® x +cos® x
14+cotx 1+tanx sinx+COSX SINX+COSX  SiNX-+CoSX

=sin® x —sinxcos x +cos’ x

1—sinxcosx = l—lsin2x: i 1—lsin2x =—Cc0S2Xx
2 dx

o \/;.ZEZX_eZX'\])_ 1
3. Let f(x)= € Then f'(x)= VX and the unique critical point is x ==,
J; X 4

where the function attains a local minimum (the numerator of f grows much more quickly than

1
the denominator). Therefore, plugging this value into f yields f(Zj =2\/E.

4. Let P(x)=ax’+bx+c and Q(x)=dx’ +ex+f, where a,d #0. If Q(x,)=0, then
P(0)=P(Q(x,))=P(%,)-Q(%,)=P(x,)-0=0=>c=0=>P(x)=ax*+bx. Therefore,

OI(Q(X))2 +b(Q(x)) = (ax2 +bx)~Q(x) , and since Q is not the zero polynomial,

a(Q(x))+b:ax2 +bx=Q(x)=x’ +2x—é, and substituting kZS' Q(x)=x"+kx—k.

a a
> 1-2025° 2
Therefore, 1=2025" +k-2025—k=> k=" —-=-2026,, and Q(2026)=2026" —2026-2026
+2026 =2026.
4 % 1
5. V=—nr’ :>d—=4nrzﬂ:100=4n(25)2ﬂ:>ﬂ=—
3 dt dt dt dt 25

6.Since f'(x)=x>-f(x), f"(x)=x"-f'(x)+2x-f(x). Further, f'(2)=2"-f(2)=40, so
£'(2)=2"-f'(2)+2(2)  f(2)=200.
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7. Parametrize the ellipse as x=3cos8 and y =2sinB for 0<6<2r to get f(x,y)=x"+xy

+y® =9c0s’ 0 +65inOcos O +4sin 6:1—23+3sin26+§c0526. The oscillatory part,

J61 13 /61

2
5 5
3sin29+5c0529, has amplitude |, |3? +(E) =——, so the maximum valueis M= —+——,

2 2 2
2

the minimum value is m=—-— ,and M—m=+/61.

1
8. The y-coordinate of the tangency pointis f(2)=./4(2)+1=3. Further, f(x)=(4x+1)2

= f'(x) :%(4x+1)_; (4) :L, 50 the slope of the tangent at this point is f'(2)

Vax+1

2 2 2 2 5 5
=——==—, and the tangentis y—3=—(x—-2)=y=—x+—, so the y-intercept is —.
4(2)+1 3 3( ) 3 3 3
X ! Inx-1
1 1 T .
9. For x>0, let f(x):xX:Inf(x):MTX:J;((;()): XXZ :f'(x):f(x)-l;lznx. The

only critical number for fis e, and f'(x)>0 for x <e while f'(x)<0 for x >e, making the
maximum value of fat x =e. Testing the two integers closest to that, f(2)= J2 =¢/8 and

f(3) :€/§:§/§, so m=3 gives the largest value of the expression among integers.

10. According to the recursion, 2025=a,,, =a.,, =a,, =a,, =0, =0, +a, =a, +a, =(a1 +ag)+a1

=(a, +a,)+a, =30, =a, =675.

11. When n>2, |, :J.E(tan” x)dx:jg((tan"Zx)(tanzx))dx:jf((tan”zx)(seczx—l))dx

s
g

[ (s x)(sec )1, =t

1 1
_In—Z :__In—Z :>In+ln—2 = -

0 n—1 n-1

12, 1i —0=1li d £(0)=0 solist Al v | 2%, ifx>0 h
'X'_[‘;f(x)— —X'_)n;f(x) and f(0)=0, so | is true. Also, f'(x)= Con itxco ™

1 ! _ I H 1 ] _ . ' _ 2X, |fXZO_ X

XILTf (X)_O_,!E?—f (x)=f'(0)=0, so llis true, and f (X)_{—Zx, 20 this, however,
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. 2, ifx>0 . .
also shows that Ill is true. Lastly, f'(x) = 5 ify<0 will not have a limitas x —0,so IV is
-2, ifx<

false.

d m2 1
13. Letting u=e", du:—e‘xdx=—udx:>——u=dx, and substituting the limits, I
u 0 1+e

X

1

1
1+—
u

L=
_feu g, L nanS =it
— J'z 1du—J.;u_kldU—In|u+1”i—In2 Inz—lng.

14. f(x)= the”‘xdt = e‘XLXtetht = f'(x)=€e"" (xe“)—e‘xj.lxte”dt = f'(1)=e.

3\? 3)* 3\6
15. The Maclaurin series for f(x)=cos(x3) is 1—(X |) +(X ) —(X |) +..., and these are

2 4| 6
X6 X12 X18
actually equal; i.e., f(x) = 1—;+I—E+.... By the sixth derivative, all terms from the 3™
term on have at least an x in the expression, so they will evaluate to 0. Therefore, f(s) (O)
I
_ 5 360,
2

S22 1112 2 -

17. Use the half-angle identities /1 +sinx = and /1—sinx = . Since

. X X
sin—+cos—
2 2

. X X
sin——cos—
2 2

for0<x<m, 0<—=<

N3

. o - . X X T
, SO across this entire interval, \/1+sinx :smEJrcosE. On0<x<—,

N | X
N

- X . X T - X X
\/1—smx=cosE—smE, and on ESxSn, \/1—5|nx=5|n5—cosg. Therefore,

g

(x/1+sinx +x/1—sinx)dx :IE(J1+sinx +«/1—sinx)dx+E(\/1+sinx +x/1—sinx)dx

0

T

I{Zcosi)dx+ :(Zsin{jdx =4sin—
0 2 5 2

X\* +(—4cos£j
2|, 2

—2\2+242=442.
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T

18. J.(:;(|sinx—cosx|)dx =Lz(cosx—sinx)dx+jg(sinx—cosx)dx =(sinx+cosx)‘§
4

+(—cosx—sinx)E =(\/§—1)+(\/§—1):2\/5—2.

4

2
19. Letting x =tan®, dx =sec’0d0, and substituting the limits, _[ X ~dx
0 (1+x2)
L 2 L L 3
.[2 w-secze de=j2(sin2e)de=1j2(1—cosze)de=1(e—1sinzeJ =z,
olsec’ 0O 0 270 2 2 , 4

2
20. Since P(k)= % for k from 1 to 10, kP(k)—(kJrl)2 =0 for these values, so

xP(x)—(x+1)2 is a degree 10 polynomial with the integers from 1 to 10 as roots; i.e.,

xP(x)—(x+1)2 =a(x—1)(x—2)...(x—10) for some nonzero constant a. Plugging in x =0

gives —1:10!61:>a=—1i0|:>)(P(x)—(x+1)2 =—1i01(x—1)(x—2)...(x—10). Now, plugging in

x=12 gives 12P(12)—-169 = —i—;: =-11=12P(12)=158.

21. The critical points of a cubic polynomial f must satisfy f'(x)=0=>3ax"+2bc+c=0, so to
have two distinct local extrema, this quadratic equation must have two distinct real zeros.
Therefore, the discriminant must be positive; i.e., (Zb)2 —4(3a)(c)>0=4b"-12ac>0

4b> >12ac = b* >3ac.

o0

22. Multiply both sides of the equation g(x)=>_F,x" by x to get xg(x)= Zan”” , then

n=1 n=1
subtract that amount from the original: g(x)—xg(x)= ian" —ian"*l :F1x+zm:an"
n=1 n=1 n=2
—ian”” =Fx+ Z‘O:Fnﬂx”+1 —ian”” =Fx+ ZOO:( o —F )X =Fx+ i - x™
n=1 n=1 n=1 n=1 n=1
:le+x2iF X" :F1x+xzian” =x+x’g(x)=x=g( )—xg(x)—ng(x):(l—x—xz)g(x)
n=1 n=1
X
1— x — x> —g(x).
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(n+1) .
n+1l n
23. lim (n+1? :IimL n - X|J=Iim ! . x| =lim ;nx| =m,and this
n—o %X" n—>o (n+1) n—so (n +n1) n—w (14_1)
n n

limit must be less than 1 for convergence, so |x| < e, making the radius of convergence e.

0

24, let S= Z(z—nsinn?n] . For |a| <1 andreal 0, Z(Gneme):Lie , the imaginary part of
n=1 n=1

1-ae
NE)
\/g.

R < ) asin® o 1 T, 4
which is E a"sin(n0)) = . Pluggingin a== and O0=— gives —=—
n,l( ( )) 1—2acos0+a’ BEINg 2 3 g 3

1 1 1
25. Plugging in x =3 gives f(3)+2f(§j =9, while plugging in x=§ gives f(§j+2f(3):1 .
. . o . 1 10 . .
Adding the two equations together, then dividing by 3 gives f(g) +f(3)= 5 subtracting this

7
equation from the second one gives f(3) ==3

26. f*(n)=n+3=f(n+3)=f" (n)zfa(f(n)):f(n)+3. Now, define g(n)=f(n)—n,
meaning g(n+3)=f(n+3)—(n+3)=f(n)+3—(n+3)=f(n)—n=g(n), so g is 3-periodic.
Writing g(3k)=o, g(3k+1)=p, and g(3k+2)=y, because the three numbers n,
f(n)=n+g(n), and fz(n)=n+g(n)+g(n +g(n)) have distinct residues mod 3, summing for
these residues and using fa(n)=n+3 gives o+ +7y=3. Since fis a function on natural
numbers, 3+a>0=oa2>-2; 1+B>0=PB>0; and 2+y>0=1vy>-1; further, injectivity of f
forces these three images to be distinct, so there are exactly six possibilities for (a,B,y):
(-2,1,4), (-2,4,1), (-1,2,2), (-1,5-1), (1,1,1), and (2,2,-1). Since 100=1(mod3),
£(100) =100+, making the only possibilities for f(100) 101, 102, 104, or 105. The sum of

these options is 412.

27. Let P(x)=x°+x"+x*+1. When Pis divided by (x—1)3, the remainder R is the quadratic

Taylor polynomial of P about x=1: R(x) :P(1)+P'(1)(x—1)+¥(x—1)2. Now, since
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P'(x)=6x"+4x>+2x, P'(1)=12; further, P"(x)=30x" +12x* +2, making P"(1)=44.

Therefore, R(0) =P(1)—P'(1)+PT(1) =4-12+22=14.

2
28. A generic point on this parabola is labeled [y?,yj, so the distance from this point to (1,4)

2 2
is d= \/{y?—lj +(y—4)2 , and we need to minimize this expression. However, since this

2

2
function can’t be negative, we can just minimize the radicand f(y):(y?—lj +(y—4)2.

2

f'(y) :Z(y?—l]y+2(y—4) =y’ —8, so the only critical pointis y =2. Since points on this

parabola can continue to get farther and farther away from (1,4), this point gives a minimum

2 2
distance, which is d:\/[z?—lj +(2—4)2 5.

2dy 3xﬂ—3y—0 dy 3y —3x? yzx
dx dx dx 3y —3x y’—x

29. For x> +y> —3xy =0, 3x* +3y* = For the

tangent to be horizontal then, we must have y=x, so 0= x’ +(x2) —3x(x2): x® —-2x°

=x’ (x3 —2) , so the only point that fits the description has a=32 =b=34 =ab=2.

30. Using the definition, (f,° f,< f, o f, )( H||x| |- 2‘

2—x, if0<x<1
be written as a piecewise function < x, if 1<x<3 (evenness defines this function similarly
6—x, if3<x<6

for negative x). Therefore, J. (fiofyofiofy)( x))dx:ZE((A ofyo fiof,)(x))dx

2([ (2-x)dx-+ [ (x)dx+ [ (6~ xdx) (2x—’§l 6

=20.




