
Theta Complex Numbers Solutions 
 
1.	Calculate	ሺെ5 ൅ 2݅ሻ െ ሺ12 െ 4݅ሻ.	
 
ሺെ5 ൅ 2݅ሻ െ ሺ12 െ 4݅ሻ ൌ െ5 ൅ 2݅ െ 12 ൅ 4݅	
      ൌ െ5 െ 12 ൅ 2݅ ൅ 4݅	
      ൌ െ17 ൅ 6݅.	
B. 
 
2.	Solve	for	:ݔ	24| െ 7݅| ൌ 20|ݔ ൅ 21݅|.	
	
|24 െ 7݅| ൌ ඥሺ24ሻଶ ൅ ሺെ7ሻଶ ൌ √576 ൅ 49 ൌ √625 ൌ 25	
|20 ൅ 21݅| ൌ ඥሺ20ሻଶ ൅ ሺ21ሻଶ ൌ √400 ൅ 441 ൌ √841 ൌ 29	
	
|24 െ 7݅| ൌ 20|ݔ ൅ 21݅|	

ݔ ൌ
|24 െ 7݅|
|20 ൅ 21݅|

ൌ
25
29
	

A.	
	

3.	Simplify	െ
5√18

√ି45
	

	

െ
5√18

√ି45
ൌ െ

ଵହ√ଶ

ଷ√ିଵ√ହ
	 	 	

	 ൌ െ
ଵହ√ଵ଴

ଵହ௜
	

	 ൌ ݅√10	
C.	
	
4.	Solve	for	ݖ ൌ ܽ ൅ ܾ݅	where	ܽ ൌ ܾ െ 2	is	real	and	ݖଶሺݖ െ 2݅ሻ ൌ 	.ݖ2
	
ݖଶሺݖ െ 2݅ሻ ൌ 	.ݖ2
ଷݖ െ ଶݖ2݅ െ ݖ2 ൌ 0	

ݖ ൌ 0	or	ݖ ൌ
ଶ௜േඥሺିଶ௜ሻమିସሺଵሻሺିଶሻ

ଶ
ൌ ݅ േ √ିସା଼

ଶ
ൌ ݅ േ 1	

Since	ܽ ൌ ܾ െ 2,	that	leaves	ݖ ൌ െ1 ൅ ݅	as	the	answer.	
B.	
	
5.	Calculate	ሺ݅√3 ൅ 1ሻଷ.	
	

൫݅√3 ൅ 1൯
ଷ
ൌ ൫2݁݅ߨ 3ൗ ൯

3
ൌ ߨ8݁݅ ൌ െ8	

D.	
	
6.	Find	the	distance	between	the	points	4 െ 10݅	and	3݅ ൅ 7	in	the	complex	plane.	
	
Distance:ඥሺ4 െ 7ሻଶ ൅ ሺെ10 െ 3ሻ^2 ൌ √9 ൅ 169 ൌ √178	
C.	
	



7.	Simplify	
ହ௜ିଷ

ଵା௜
.	

	
5݅ െ 3
1 ൅ ݅

ൌ
5݅ െ 3
1 ൅ ݅

൬
1 െ ݅
1 െ ݅

൰ ൌ
െ3 ൅ 5 ൅ 5݅ ൅ 3݅

2
ൌ
2 ൅ 8݅
2

ൌ 1 ൅ 4݅	

C.	
	
8.		Compute	the	product	of	the	values	of	ݖ,	where	ݖ	satisfies	the	infinite	series		 		 	1 ൌ
ଶሺݖ

௜

ଶ
൅ ଶሺݖ

௜

ଶ
൅ ଶሺݖ

௜

ଶ
൅ ⋯	

	

1 ൌ ଶሺݖ
݅
2
൅ 1ሻ	

2 ൌ ଶሺ݅ݖ ൅ 2ሻ	

ଶݖ ൌ
2

݅ ൅ 2
2 െ ݅
2 െ ݅

ൌ
4 െ 2݅
5

	

D.	
	
9.	If	ݖ ൌ 9 െ 12݅	calculate	

௭

√௭̅௭
	where	̅ݖ	denotes	the	conjugate	of	ݖ.	

	
ݖ

ݖ̅ݖ√
ൌ

9 െ 12݅

ඥሺ9 ൅ 12݅ሻሺ9 െ 12݅ሻ
ൌ

9 െ 12݅

√81 ൅ 144
ൌ
9 െ 12݅
15

ൌ
3 െ 4݅
5

	

B.	
	
10.	If	݉ܫሺݖሻ ൌ |ݖ|	,6 ൌ 15,	and	ݖ	is	in	the	second	quadrant	on	the	complex	plane,	what	is	ܴ݁ሺݖሻ?	
	
|ݖ| ൌ ඥ݉ܫሺݖሻଶ ൅ ܴ݁ሺݖሻଶ ൌ ඥ6ଶ ൅ ܴ݁ሺݖሻଶ ൌ 15	
36 ൅ ܴ݁ሺݖሻଶ ൌ 225	
ܴ݁ሺݖሻଶ ൌ 189	
|ܴ݁ሺݖሻ| ൌ 3√21	
Since	ݖ	is	in	the	second	quadrant,	
ܴ݁ሺݖሻ ൌ െ3√21	
A.	
	
11.	Which	of	the	following	are	true?	
	
I	)	A	complex	number	with	a	non‐zero	real	and	imaginary	component’s	square	can	be	real.	
II	)	The	product	of	two	complex	numbers	in	the	first	quadrant	must	be	in	the	first	quadrant.	
III)	The	quotient	of	two	complex	numbers	in	the	first	quadrant	must	be	in	the	first	or	fourth	
quadrant.	
	
The	square	root	of	any	real	number	is	either	completely	real	(if	it	is	positive)	or	completely	
imaginary	(if	it	is	negative).	The	contra‐positive	of	I	is	false,	so	I	is	false.	
	
Take	ݖ ൌ 1 ൅ 2݅	in	the	first	quadrant.	
ଶݖ ൌ ሺ1 ൅ 2݅ሻଶ ൌ 1 െ 4 ൅ 2݅ ൅ 2݅ ൌ െ3 ൅ 4݅	which	is	in	the	second	quadrant.	
By	contradiction,	II	is	false.	
	
Take	ݔ ൌ ݕ	and	ܾݏ݅ܿ	ܽ ൌ 0	so	quadrant	first	the	in	ݕ	and	ݔ	,݀ݏ݅ܿ	ܿ ൏ ܾ, ݀ ൏ ߨ

2ൗ 	



Then	
௫

௬
ൌ

௔

௖
ሺܾݏ݅ܿ െ ݀ሻ,	so	െߨ 2ൗ ൏ ܾ െ ݀ ൏ ߨ

2ൗ .		
௫

௬
	is	in	the	first	of	fourth	quadrant,	so	III	is	true.	

C.	
	
12.	Calculate	the	reciprocal	of	1 ൅ 4݅.	
1

1 ൅ 4݅
ൌ

1
1 ൅ 4݅

൬
1 െ 4݅
1 െ 4݅

൰ ൌ
1 െ 4݅
17

	

A.	
	
13.	What	is	the	imaginary	component	of	ሺ2 ൅ 2݅ሻସ?	
	

ሺ2 ൅ 2݅ሻସ ൌ ቀ2√2	ܿ݅ݏ
ߨ
ସ
ቁ
ସ
ൌ 	.component	imaginary	no	has	which	,ߨݏ݅ܿ	64

C.	
	
14.	How	many	6th	roots	of	unity	are	there	which	have	nonzero	imaginary	components?	
	

The	6th	roots	of	unity	are	ܿ݅,0ݏ	ݏ݅ܿ
ߨ
ଷ
ݏ݅ܿ	,

ߨ2
ଷ
ݏ݅ܿ	,ߨݏ݅ܿ	, ߨ4

ଷ
ݏ݅ܿ	,

ߨ5
ଷ
.	

All	have	imaginary	components	except	ܿ݅0ݏ	and	ܿ݅ߨݏ	so	4	roots	of	unity	have	nonzero	imaginary	
components.	
	

15.		Compute	the	sum	of	the	magnitudes	of	the	solutions	of	ݖ െ 5 ൌ ඥെ10ݖ ൅ 	.െ5√ݖ4
	
ଶݖ െ ݖ10 ൅ 25 ൌ െ10ݖ ൅ 	െ5√ݖ4
ସݖ ൅ ଶݖ50 ൅ 25ଶ ൌ 	ଶሺെ5ሻݖ16
ସݖ ൅ ଶݖ130 ൅ 25ଶ ൌ 0 ൌ ሺݖଶ ൅ 5ሻሺݖଶ ൅ 125ሻ	
ଶݖ ൌ െ5,െ125.	ݖ ൌ േ√5,േ5√5	
√5 ൅ √5 ൅ 5√5 ൅ 5√5 ൌ 12√5	
D.	
	

16.	Calculate	ቀ
଻ିଷ௜

ଵା௜
ቁ ቀ

଺ିହ௜

ସିଵ଴௜
ቁ.	

	

൬
7 െ 3݅
1 ൅ ݅

൰ ൬
6 െ 5݅
4 െ 10݅

൰ ൌ
42 െ 15 െ 35݅ െ 18݅
4 ൅ 10 െ 10݅ ൅ 4݅

ൌ
27 െ 53݅
14 െ 6݅

൬
7 ൅ 3݅
7 ൅ 3݅

൰ ൌ
189 ൅ 159 ൅ 81݅ െ 371݅

116

ൌ
348 െ 290݅

116
ൌ
174 െ 145݅

58
ൌ
6 െ 5݅
2

	

C.	
	
17.	Find	the	sum	of	the	converging	geometric	series	1 ൅

௜

ଷ
െ

ଵ

ଽ
െ

௜

ଶ଻
൅ ⋯	

	

1 ൅
݅
3
െ
1
9
െ

݅
27

൅⋯ ൌ
1

1 െ ݅
3

ൌ
3

3 െ ݅
൬
3 ൅ ݅
3 ൅ ݅

൰ ൌ
9 ൅ 3݅
10

	

B.	
	
18.	What	is	the	product	of	all	the	unique	5th	roots	of	unity?	



	

The	5th	roots	of	unity	are	ܿ݅,0ݏ	ݏ݅ܿ
ߨ2
ହ
ݏ݅ܿ	,

ߨ4
ହ
ݏ݅ܿ	,ߨݏ݅ܿ	, ߨ6

ହ
ݏ݅ܿ	,

ߨ8
ହ
.	

ሺܿ݅0ݏሻ ቆܿ݅ݏ
ߨ2
5
ቇቆܿ݅ݏ

ߨ4
5
ቇቆܿ݅ݏ

ߨ6
5
ቇቆܿ݅ݏ

ߨ8
5
ቇ ൌ ݏ݅ܿ

ߨ20
5

ൌ 0ݏ݅ܿ ൌ 1	

D.	
	
19.	Let	ݖସ ൌ ݖ	,4݅ ൌ ܽ ൅ ܾ݅	where	ܽ	and	ܾ	are	real.	What	is	the	value	of	the	product	ܾܽ?	
	
ݖ ൌ ܽ ൅ ܾ݅,	ܽ	and	ܾ	real.	
ସݖ ൌ 4݅ ൌ ܽସ ൅ 4ܽଷܾ݅ െ 6ܽଶܾଶ െ 4ܾܽଷ݅ ൅ ܾସ	
ܽସ െ 6ܽଶܾଶ൅ܾସ ൌ 0,	4ܽଷܾ െ 4ܾܽଷ ൌ 4 ൌ 4ܾܽሺܽଶെܾଶሻ	

ܽଶെܾଶ ൌ
1
ܾܽ
	

ܽସ െ 6ܽଶܾଶ൅ܾସ ൌ ሺܽଶെܾଶሻଶ െ 4ܽଶܾଶ ൌ ൬
1
ܾܽ
൰
ଶ

െ 4ܽଶܾଶ ൌ 0	

൬
1
ܾܽ
൰
ଶ

ൌ 4ܽଶܾଶ	

ܽସܾସ ൌ
1
4
	

ܾܽ ൌ േ√ଶ

ଶ
	since	ܽ	and	ܾ	are	real	

A.	
	
20.	Calculate	ሺ√6 ൅ ݅√2ሻ଼	
	

ሺ√6 ൅ ݅√2ሻ଼ ൌ ቆ2√2 ቀܿ݅ݏ
ߨ
6
ቁቇ

଼

ൌ ݏ4096ܿ݅
ߨ4
3
ൌ െ2048 െ 2048݅√3	

A.	
	
21.		Solve	for	real	ݔ	and	:ݕ	3ሺ3 െ 2݅ሻ െ ሺ1 െ 8݅ሻ ൌ ሺ1ݔ ൅ ݅ሻ െ ሺ݅ݕ െ 1ሻ.	ሺݔ, ሻݕ ൌ	
	
3ሺ3െ 2݅ሻ െ ሺ1 െ 8݅ሻ ൌ ሺ1ݔ ൅ ݅ሻ െ ሺ݅ݕ െ 1ሻ	
9 െ 6݅ െ 1 ൅ 8݅ ൌ ݔ ൅ ݔ݅ ൅ ݕ െ 	ݕ݅
8 ൅ 2݅ ൌ ݔ ൅ ݕ ൅ ݔ݅ െ 	ݕ݅
8 ൌ ݔ ൅ 	ݕ
2 ൌ ݔ െ 	ݕ
ݔ ൌ 5,	yൌ 3	
D.	
	
22.	What	is	the	product	of	all	the	unique	nth	roots	of	unity?	
	
The	݊௧௛	roots	of	unity	satisfy	ݖ௡ ൌ 1	or	ݖ௡ െ 1 ൌ 0.	
The	product	of	the	roots	then	equals	ሺെ1ሻ௡

ିଵ

ଵ
ൌ ሺെ1ሻ௡ାଵ.	

D.	
	
23.	Calculate	the	sum	of	the	roots	of	ሺݖ ൅ ଶሻଶݖ ൌ 15ሺ3ݖଶ ൅ 2ሻሺݖଶ ൅ 	.ሻݖ2
	
ሺݖ ൅ ଶሻଶݖ ൌ 15ሺ3ݖଶ ൅ 2ሻሺݖଶ ൅ 	ሻݖ2



ସݖ ൅ ଷݖ2 ൅ ଶݖ ൌ 15ሺ3ݖସ ൅ ଷݖ6 ൅ ଶݖ2 ൅ 	ሻݖ4
ସݖ44 ൅ ଷݖ88 ൅ ଶݖ ൅ ݖ4 ൌ 0	
The	sum	of	the	roots	is	െ

଼଼

ସସ
ൌ െ2.	

B.	
	
24.	Let	,ݔ	ݕ,	and	ݖ	be	the	three	prime	factors	of	2013	where	0 ൏ ݔ ൏ ݕ ൏ ݅ଶ௫	Calculate	.ݖ ൅ ݅௬ ൅ ݅௭.	
	
2013 ൌ 3 ൈ 11 ൈ 61	
ݔ ൌ ݕ	,3 ൌ ݖ	,11 ൌ 61	
݅ଶ௫ ൅ ݅௬ ൅ ݅௭ ൌ ݅଺ ൅ ݅ଵଵ ൅ ݅଺ଵ ൌ െ1 െ ݅ ൅ ݅ ൌ െ1	
D.	
	
25.	Evaluate	ሺ1 ൅ ݅ሻଶଵଶ	
	

ሺ1 ൅ ݅ሻଶଵଶ ൌ ቀ√2ܿ݅ݏ
ߨ
4
ቁ
ଶଵଶ

ൌ 2ଵ଴଺ܿ݅ݏሺ53ߨሻ ൌ െ2ଵ଴଺	

D.	
	
26.	For	what	real	values	of	ܿ	will	ݕ ൌ ଶݖ3 ൅ ݖ5 ൅ ܿଶ	have	no	real	roots?	
	
ݕ ൌ ଶݖ3 ൅ ݖ5 ൅ ܿଶ	has	no	real	roots	when	the	discriminant	is	negative.	
0 ൐ ሺ5ሻଶ െ 4ሺ3ሻሺܿଶሻ ൌ 25 െ 12ܿଶ	

ܿଶ ൐
25
12
	

|ܿ| ൐ ඨ
25
12

ൌ
5√3
6
	

B.	
	

27.	If	
ଶିହ√ଷାହ௜ାଶ௜√ଷ

ଶାହ௜
ൌ 	?ݖ	of	value	possible	a	is	which	real,	are	ܾ	and	ܽ	where	ଶݖ

	
2 െ 5√3 ൅ 5݅ ൅ 2݅√3

2 ൅ 5݅
ൌ
2 ൅ 5݅ ൅ ݅√3ሺ2 ൅ 5݅ሻ

2 ൅ 5݅
ൌ 1 ൅ ݅√3 ൌ 	ଶݖ

A:	ሺ√3 ൅ ݅ሻଶ ൌ 2 ൅ 2݅√3.	Incorrect	
B:	ሺ1 ൅ ݅√3ሻଶ ൌ െ2 ൅ 2݅√3.	Incorrect	

C:	ሺ√
଺

ଶ
൅

௜√ଶ

ଶ
ሻଶ ൌ 1 ൅ ݅√3.	Correct	

D:	ሺ√
ଶ

ଶ
൅

௜√଺

ଶ
ሻଶ ൌ െ1 ൅ ݅√3.	Incorrect	

C.	
	
28.	How	many	15th	roots	of	unity	are	in	the	2nd	quadrant?	
	

The	15th	roots	of	unity	are	ܿ݅,0ݏ	ݏ݅ܿ
ߨ2
ଵହ
ݏ݅ܿ	,

ߨ4
ଵହ
ݏ݅ܿ	…	,

ߨ28
௡
.	

ݏ݅ܿ
ߨ8
ଵହ
ݏ݅ܿ	,

ߨ10
ଵହ
ݏ݅ܿ	,

ߨ12
ଵହ
,	and	ܿ݅ݏ

ߨ14
ଵହ
	are	in	the	2nd	quadrant.	4.	

C.	
	



29.		Calculate	ቚ
ହି௜

ସା଻௜
ቚ.	

	

ฬ
5 െ ݅
4 ൅ 7݅

ฬ ൌ
ඥሺ5ሻଶ ൅ ሺെ1ሻଶ

ඥሺ4ሻଶ ൅ ሺ7ሻଶ
ൌ
√26

√65
ൌ
√10
5
	

A.	
	

30.	Calculate	൫1 ൅ ݅√3൯
ସ
ሺ2 െ 2݅√3ሻଷ	

	

൫1 ൅ ݅√3൯
ସ
ሺ2 െ 2݅√3ሻଷ ൌ ቀ൫1 ൅ ݅√3൯൫2 െ 2݅√3൯ቁ

ଷ
൫1 ൅ √3൯ ൌ ሺ8ሻଷ൫1 ൅ ݅√3൯ ൌ 512 ൅ 512݅√3	
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Theta Complex Numbers Test - Updated Solutions

7 (C). Take each addend and multiply top and bottom by the conjugate:

5 + 5i

3− 4i
+

20

4 + 3i
=

(5 + 5i)(3 + 4i)

16 + 9
+

20(4− 3i)

16 + 9
=

75− 25i

25
= 3− i.

8 (E). The points are (3,−7), (10, 0), (−4, 1). By the determinant formula for the area
of a triangle,

A =
1

2

∣∣∣∣∣∣
3 −7 1
10 0 1
−4 1 1

∣∣∣∣∣∣ =
105

2
.

So that m+ n = 105 + 2 = 107.

14 (B). We have |z|2 = m2 + 9n2. We take a look at this expression in modulo 4. Perfect
squares are congruent to either 0 or 1 in modulo 4. If m and n are both even, then
clearly |z|2 ≡ 0 mod 4. If m and n are both odd, then |z|2 ≡ 10 ≡ 2 mod 4. If m
and n differ in parity, then |z|2 ≡ 1 mod 4. Since 2011 ≡ 3 mod 4, it cannot be a
possible value for |z|2.

18 (D). Let z = a + bi, so that z2 + 2|z|2 = 2 becomes a2 − b2 + 2abi + 2(a2 + b2) =
3a2 + b2 = 2 + 0i. Thus, 3a2 + b2 = 2 or 2ab = 0. If a = 0, then b = ±

√
2. If

b = 0, then a = ±
√

2/3. Thus, the product of the absolute values of the solutions are√
2
√

2
√

2/3
√

2/3 = 2(2/3) = 4/3.

19 (A). The roots come in conjugate pairs. Thus, 1 − i and −3i are also roots. This
means that the polynomial’s factorization is P (x) = (x2 − 2x + 2)(x2 + 9), making
P (2) = 26.

22 (D). We know that a2 + b2 = 1. Thus

N =
z − 1

z + 1
=
a+ bi− 1

a+ bi+ 1
=
a2 + b2 − 1 + 2bi

a2 + 2a+ 1 + b2
=

2bi

a2 + 2a+ 1 + b2
,

so N is a purely imaginary number. The desired ratio is equal to 0.

25 (D). We have n = 37k ≡ (36 + 1)k ≡ 1k ≡ 1 mod 4. Thus, in = i1 = i.

28 (C). If z = x + yi, then, by the Binomial Theorem, z3 = (x + yi)3 = (x2 − y2 +
2xyi)(x + yi) = (x3 − 3xy2) + (3x2y − y3)i = 18 + 26i, so that x3 − 3xy2 = 18 and
3x2y − y3 = 26, yielding 18(3x2y − y3) = 26(x3 − 3xy2). Set y = tx; note that since x
and y are positive integers, t must be a nonzero rational number. Simplify and factor
to obtain (3t − 1)(3t2 − 12t − 13) = 0. The only rational solution to this equation is
t = 1/3. This yields x = 1 and y = 3, making x5 + y5 = 15 + 35 = 1 + 243 = 244.

1



29 (A). The characteristic polynomial is

|A− λI| =
∣∣∣∣ 3− λ −2

4 −1− λ

∣∣∣∣ = x2 − 2x+ 5 = 0.

which has roots of 1± 2i.

2
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