Mu Alpha Theta National Convention:  Hawaii, 2005

Solutions – Logarithms & Exponents Topic Test – Alpha Division

1)  This is five to the power (x-2)+(x+x+1)-(4x-x).  The x terms cancel and this simplifies to -1.  Five to the -1 power is 1/5, D.

2)  log_b a=log_c a/log_c b, so take log_3 3^6 / log_3 9.  This is 6/2=3, B.

3)  1 followed by ten 0s is 10^10.  Log log 10^10 = 1, D.

4)  log x = (2/3) log y, so if x=z^2 , y=z^3.  (z^2/z^3)=2/3, so z=1/(2/3) = 3/2.  (X, y)=(9/4, 27,8), C.

5)  7^0=1.  5^1=5.  2^5=32, D.

6)  Powers of i cycle around because i^4=1.  That is, i^287=(i^4)^71*i^3=i^3=-i; i^-7=(i^4)^-2*i=i.  The answer is -2i, C.

7)   ln (4e^4)=4+ln 4, C.

8)  Constrained to the integers, a and b must be small and nonnegative.  One approach is to start with 2^9=512, divide by two, and multiply by three whenever the product will be less than 870 or so and check the sum.  This particular algorithm gives: 2^8*3=768 , 2^7*3=384, 2^6*3^2=576, 2^5*3^3=864.  864=5+3+856, so the answer is 2, B. (This answer is unique.)

9)  Let the tower evaluate to y.  Then y=e^(-0y)=1, B.  

10)  As in question nine, evalute to y.  Then y=sqrt(6+y).  So y^2=6+y.  This is a quadratic, y^2-y-6=0, but because radicals always give the positive root, the smaller of the two solutions is extraneous.  The answer is 3, A.

11)  225=5*5 * 3*3  64=2^6. 1/225^(1/2)=1/(3*5).  10/(64^[1/6])=5.  Multiplying those two gives 1/3.  Take the logarithm of that expression; -(log 225)/2+1-(log 64)/6=-a/2+1-b/6=1-a/2-b/6, C.

12)  64!/63!=64, which is 2^6, so A.

13)   Exponentiate both sides:  (27/4)*x=9.  So x=4/3, C.

14)  These terms telescope to log (1/100), which is -2, B. 

15)  Tangent and cotangent are inverses, so when the expression is defined it evaluates to -1, B.

16)  Start at the innermost term (x^3) and keep track of the exponent.  Thus: 3, 2, 1/2, -1/2, -1/6, -7/6, -7/12.  The answer is -7/12, A.

17)  This is 3^(x+2)=3^(-3x).  Log-base-3 of both sides gives x+2=-3x, so x=-1/2, A.

18)  On the left the exponents drop down and sum to 10 log x.  The right is (29/3 * log x) + 1.  Subtract 29/3 log x from both sides and find that 1/3 log x=1 so log x=1 so x=1000, B.

19)  This is log-base-35 of (7*5), which is log-base-35 of 35, which is 1, C.

20)  Taking the natural log of each side we have x^3 + 6x^2 - 11x - 6 = 0.  This has roots at -1, -2, -3; the sum is -6, D.

21)  We want to maximize (1+1/n^2)^n with a positive integer n.  In the sequence produced, (1+1/1)^1, (1+1/4)^2, (1+1/9)^3, and so on, each is smaller than the one before it.  N=1, B.

22)  15^y and 35^ z are the only possible source of factors of five in the number.  Each trailing zero gives a factor of five (and of two, of course); there are five of them, so y+z=5, A.

23)  In the complex plane each root has a ‘mirror’ that cancels it.  The sum is 0, C.

24)  log-base-4 of 128 to a power is (7/2) of that power.  The quantity on the left evaluates to 7x/2 + 1; the quantity on the right evaluates to -1, so 7x/2 is the answer, D.

25)  At every theta=k*2*pi the spiral intersects the line on which the line segment lies.  It does this at 1, 4, 16, 64, 256, etc.  Three of these points – 4, 16, and 64 – are on the line segment.  3, A.

26)  G/B = 2/3, G/D = 4/5.  G=512 * 3/2 = 768.  D = 768 * 3/2 = 1152.  Following the hint and dividing by two (this is an octave too high now) gives 576 hertz, A.

27)  e^costh * sqrt(e^secth)  can be simplified e^costh * e^(1/(2*costh)) which is e^(costh + 1/(2*costh)).  The expression on the right is e^(sqrt 2); the ln 2 cancels out  Take the ln of both sides; costh + 1/(2costh)=sqrt 2.  Call y=costh; y+1/(2y) = sqrt 2.  Multiply through by y  to get y^2-y*sqrt 2+1/2=0.  As a quadratic this gives y = (sqrt(2) (sqrt(2-2))/2 = sqrt(2)/2.  If cos th = sqrt(2)/2 on this interval, theta must be pi/4, D.

28)  (e^ix-e^-ix)/(2i) = sin x, as an identity.  Here, x is ln 2 (2^i = e^iln2), so we have sin (ln 2), C.

29)  Because each expression is inverted, we can flip them (that is, 1/log_b c = log_c b).  Log_x 3 + log_x 4 + log_x 5 = 1.  The sum of logs is the log of the product; log_x 60=1, so x is 60, B.

30)  Consider a few points on e^x that you know.  (0, 1) and (1, e) are useful.  When x is less than 0, e^x is always more than 0, so there are no intersections at x<0.  E^x never goes down when x goes up; from x=0 to x=1 it increases from 1 to e; even when the line y=x gets to x=1, y only gets up to 1, which is what e^x was at the left most part of the interval.  There are no intersections on [0, 1], then.  At x>1, e^x increases far more quickly than a straight line, so there are no intersections there.  The graphs never intersect, D.

