Mu Alpha Theta National Convention:  Hawaii, 2005

Solutions – Number Theory Topic Test – Alpha Division

1. B
We can set this up as ordinary addition, but we must carry when each digit sum reaches the radix, which in this case is 4:


2. A
We could use the Sieve of Eratosthenes to hunt for primes and we find that

[image: image1.png]12221 = 11°-101%.





We might have also noticed the symmetry of the number.  This might help us notice a number of shortcuts such as noticing 12221 = 12100 + 121 = 121(100 + 1) or that the divisibility rule for 11 is easy to apply.

3. D
Since GCD's and LCM's can be constructed from the maximum and minimum powers of each prime in the prime factorization of the two natural numbers, we know that the product of the GCD and LCM must be the same as the product of the two natural numbers.  This means that the product of the GCD and LCM is 60(900) = 54000.

4. C
Once again we can count most easily by expressing the first and last integers in the list in a form that we can relate to a general parametric form:

[image: image2.png]=500 = 13-(=39) +7
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We are looking for the ones in the form 13n + 1 for some integer n.  There will be solutions from n = -38 to n = 38.  This gives us a total of 38 - (-38) + 1 = 77 solutions.

5. C
We can relate integers to their divisors in an organized way by examining their prime factorizations. [image: image3.png]120 = 2° . 3¢



  Any divisor of 20 must be in the form [image: image4.png]9a , 3b



 where a is 0, 1, 2 or 3, b is 0 or 1, and c is 0 or 1.  This gives us a total of (3 + 1)(1 + 1)(1 + 1) = 16 positive divisors.

6. C
An integer is a multiple of 6 if and only if it is a multiple of both 2 and 3.  Applying the divisibility rule for 2 means making sure the units digit is even.  In the case of 73A998, we already know that it is.  Now we apply the divisibility rule for 3 whereby we find values of A that give us a digit sum that is a multiple of 3:

[image: image5.png]



Now we can see that A = 0, 3, 6, and 9 make A a multiple of 3, so our answer is that there are 4 such values for A that make 73A998 a multiple of both 2 and 3 (and thus a multiple of 6).

7. E    48
In this problem, we are really solving a system of linear congruences:
[image: image6.png]2 (mod 3)
4 (mod 7)





We can solve a system of linear congruences by introducing parameters based on each congruence.
n = 3j + 2
n = 7k + 4

Thus, 3j + 2 = 7k + 4 which simplifies to 3j = 7k + 2.

We can now form a new congruence to discover information about k.  (We could use j, but either way is fine.):
[image: image7.png]k+2=0 (mod3) = Tk=T7 (mod3)

= k=1 (mod3).




Now we can write k as 3m + 1 for some integer m.  We can now write n in terms of m:

[image: image8.png]n="7k+4="T73m+1)+4 21m+11.





Now that we have a parametric form for any such integer n, we can find similar forms for the endpoints of the range of integers we are examining:
[image: image9.png]47214 13




There is an integer in the form 21m + 11 in this range for m = 0 to 47, so there are 48 total.
8. A
There is a formula for the sum of the n smallest positive perfect cubes that can be derived using finite differences.  Interested students can use www.artofproblemsolving.com, www.mathworld.com, or Google to search for more about using finite difference to solve problems involving number theoretic sequences and series.

The formula for the sum of the n smallest positive perfect cubes is
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We now let n = 15 and compute:

[image: image11.png]



9. A
We could apply modular arithmetic to this problem, but the analogous parametric algebra is probably easiest.

M = 9a + 6 for some integer a.

N = 27b + 9 for some integer b.

MN = (9a + 6)(27b + 9) = 243ab + 81a + 162b + 54 = 81(3ab + a + 2b) + 54,

so 54 is the remainder when MN is divided by 81.

This is however another problem that can be special cased.  If you're not worried about a possible (E) answer due to multiple solutions, then we could just use M = 6 and N = 9 so that MN = 54.

10. D
This problem tests the ability of students to match an algebraic expression to a number theoretic interpretation.  There is a solution for each divisor of 110, including negative divisors because for any x, y = 110/x must also be an integer.

Now we can use the prime factorization to count the number of positive divisors of 110:
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The total number of positive divisors is thus (1 + 1)(1 + 1)(1 + 1) = 8.  There are just as many negative divisors, so the answer is 16.
11. C
This problem involves the pigeon hole principle.  We can minimize the number of aliens killed by Bobby Jones by letting the number killed by each human be as close to the average as possible.

71777/40 = 1794 R 17.

This tell us that some of the humans must have killed at least 1795 aliens, but if Bobby Jones killed more aliens than any other, he must have killed at least 1796.

12. B
We begin by taking a look at the prime factorization of 720 since that helps us organize divisors:
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Each positive divisor of 720 must be in the form
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where a is 0, 1, 2, 3, or 4; b is 0, 1, or 2; and c is 0 or 1.

If a divisor is even, then its prime factorization must include at least 1 power of 2.  For such a divisor we have 4 choices for a, 3 choices for b, and 2 choices for c yielding 4 x 3 x 2 = 24 even positive divisors.

13. A
There is an ordered pair of "simple" integers for every integer m such that none of it's digit exceed the digits of 717 in a digit-by-digit comparison.  There would be no borrowing when subtracting 717 - m = n, so there would be no carrying when adding m + n = 717.

Since any digit can be 0, this leaves 8 choices for the first digit of m, 2 for the second, and 8 for the third for a total of 8 x 2 x 8 = 128 values of m and therefore 128 order pairs of "simple" integers.

14. A
There are two common approaches to finding the GCD of two integers.  Since we can't use the prime factorization of the two integers, we must give the Euclidean Algorithm a try:
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We can in fact show that any two consecutive Fibonacci numbers are relatively prime in this way.
15. B
We could take a straightforward approach to solving this linear Diophantine equation using the Euclidean Algorithm.  However, we might start by eyeballing the equation to find the solution (100, 1).  Further solutions can be found by noting that every time we increase n by 1, m decreases by 17/7.  Since m must remain integral, solutions can be found by increasing n by 7 and decreasing m by 17: (83, 8), (66, 15), (49, 22), (32, 29), (15, 36).  Decreasing either m or n further from the first or last of these 6 solutions results in negative parameters, so we have found all the solutions and the answer is 6.
16. D
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In fact, 36 is an abundant number and any multiple of an abundant number is also abundant (students are challenged to demonstrate why this is true.)
17. C
According to Fermat's Little Theorem, for a prime p and an integer n which is not a multiple of p,
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In this case we see that
[image: image18.png]1 (mod 11),




which gives us a nice way to compute the residue we seek:

[image: image19.png]5 (mod 11).




This residue represents the remainder we seek.

18. A
Now matter what radix we choose (value of b), we can factor out a divisor of 3:
[image: image20.png]



All such numbers are necessarily composite.

19. C 

We are looking for solutions to the Diophantine equation
12m + 29n = 239.

We could use the Euclidean Algorithm, modular arithmetic, or simply hunt to find the solution (3, 7).  There can be no other solutions since any increase in m or n must be in the ratio -29:12, which would force one of the integral parameters to be negative and "bills" don't come in negative quantities, even on Planet Axiom.  The answer is 3 + 7 = 10.
20. A
We can write any integer in the form 60n + k where k is an integer from 0 to 59 inclusive.  When finding gcd(60n + k, 60), the Euclidean Algorithm tells us this is equal to gcd(k, 60).
We have now reduced the problem to finding the number of possible values of k that are relatively prime to 60 and then multiplying the result by 30 for n = 0, 1, 2,…, 29.  This means we examine 0 instead of 1800, but neither is relatively prime with 60, so our model is fine.

We now apply Euler's Phi Function:

[image: image21.png]



Our answer is 16(30) = 480.

21. B
This problem can be restated such that we are looking for the largest integer n such that the Diophantine equation 3a + 8b = n has no solutions in nonnegative integers (a, b).

By the "chicken nugget theorem", we know that the largest such n is 3 x 8 - (3 + 8) = 13.

Students are encouraged to use modular arithmetic and tables to search for a proof to this theorem.

22. B
Finding the four smallest natural numbers with 24 positive divisors means first using the formula for the number of positive divisors and noting that the product of one more than each of the exponents in a prime factorization must be 24.  There are several ways to do this:
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These possibilities yield possible prime factorizations:

[image: image23.png]



These possibilities look more terrifying than they are because most of them will quickly yield integers that are far too large to compare with the smallest possibilities.  We also need only plug in the smallest of primes to make comparisons.  In fact, we can plug in the smallest primes in place with the largest exponents to see where we might need to make further computations at all:
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A reasonable number sense should actually allow us to avoid the larger of these calculations and we could compare prime factorizations in other way.  Still, we must now consider if we can make some other integers less than 864 from the first three types of factorizations.  Indeed, it seems the best we can do to make the second smallest in any of these groups is to multiply 360 by 7/5 which results in swapping a 7 out for a 5 in the prime factorization while keeping it in the same general form.

The sum is 360 + 420 + 480 + 504 = 1764.
23. D
Using the given equation we can simplify the problem:
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This allows us to recognize that the problem is a matter of finding possible numbers of positive divisors of a perfect square.  Since a perfect square must have an odd number of positive divisors, D is our answer.

24. D
We consider the formula for the sum of the members of an n term arithmetic progression:
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In order for this to be prime, one of the two factors in the above numerator must be 2 and the other prime or the sum of the first and last term is 1 while n is 2 times some prime.  289 is the only integer that could not be n.  If n = 289, then the sum must be a multiple of 289, which is equal to 17 squared.
25. E    [image: image27.png]34()°




Organizing the divisors by form never hurts, so we examine the prime factorization of 340:

[image: image28.png]



We note that for any divisor d of 340, there is exactly one distinct divisor of the form 340/d.  We can pair the divisors up this way to make the product easier to compute.  Now we simply need to count the number of pairs, which is half the number of divisors.  

There are (2 + 1)(1 + 1)(1 + 1) = 12 divisors and 6 pairs, so the product of the 6 pairs is [image: image29.png]34()°



.
26. B
When evaluating the number repeating digits in a decimal expansion, we can note that 1/n has at most n - 1 digits in its expansion.  This is due to the fact that there are at most n - 1 distinct positive remainders when dividing by n in long division.  Once we have repeated a remainder, a cycle ensues as the next remainder must have been the same as before.  Note that I've made the assumption that we stripped powers of 2 and 5 out of n, but the fact that n - 1 is the largest number of digits in the repeating block is still valid.

We now see that n = 19 is the smallest possibility and we note that fortunately, it's the answer:
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Further exploration could highlight some facts that make this solution more obvious and the ideas here connect with Euler's Phi Function and other number theoretic ideas.  Further exploration is left to the reader both because that's the best way to learn and it could take pages to write up.
27. C
Because of the shared form for the prime factorizations of divisors of 720, we can reduce the sum according to a product of sums of powers of the primes in the divisors:
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28. B
The first thing we do is reframe the problem into a proper modular arithmetic problem.

We let N = 28a for some integer a.  We are now looking for the remainder(s) when 7a is divided by 18.
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We had to divide the modulus by 2 when we divided the congruence by 4 because (18, 4) = 2.

We can now see that 4 and 13 are the only possible remainders.

29. D
This problem can be solved in a number of ways, but fortunately we can simply multiply the given congruence by 3 to achieve the result we want:
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= OM+TN=15 (mod 17).




30. D
We going up through the sequence of factorials of natural numbers, we add a zero each time we reach a multiple of 5.  We add two zeros each time we reach a multiple of 25.  We add n zeros each time we reach a multiple of 5 to the nth power.  What we are really interested in is the number of times the number of zeros jumps more than 1 unit at a time.
Now we look to determine the smallest n such that n! has 100 terminating zeros.  Because finding the number of terminal zeros is equivalent for factorials to finding the largest power of 5 in the prime factorization, we use Legendre's theorem to help us estimate n:
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This sum behaves somewhat like a geometric series with sum n/4, so we estimate the n = 400.  However, we can use our formula to show that 400! has 99 terminating zeros, so 405! is the first factorial with 100 terminating zeros.

Going up the list of factorials from 1! to 405!, there are 405/5 = 81 times when the number of zeros increases.  The rest of the 100 zeros were extras added when we multiplied in more than one power of 5 at a time to produce the next factorial.  This means there are only 81 distinct values in the sequence.


