Mu Alpha Theta National Convention:  Hawaii, 2005

Solutions – Poi Bowl – Mu Division

1. B. You can guess and check by cubing each of the given possibilities. Or it's easy to do in polar coordinates: you need a magnitude of 1 so r = 1, and a theta such that 3*theta = 0, so

theta = 0 or theta = pi/3 or theta = 2pi/3 (or  Npi/3 for any integer N). So the cube root of 1 

is r = 1, theta = Npi/3. Then you have to convert to Cartesian complex coordinates using

a = r cos(theta) and b = r sin(theta).  

2. C.  Go around the circle in the complex plane 1 and a half times. Or one could use Euler's formula that e^(i theta) = cos(theta ) + i sin(theta).

3. D. The given recurrence relationship can be solved using algebra to find that R[n] = n(n+1)/2. Then, for n = 100, R[n] = 5050. Alternately, one might write out a few terms of the series: 0, 1, 3, 6, 10, 15 and recognize that the relationship is R[n] = n(n+1)/2, then plug that into the recurrence equation to verify.

4. D. The film take pictures too slowly and if you sketch consecutive frames you will see that in the movie it looks like the wheel is moving backwards.  The easiest way to solve this is by sketching. A more technical way to solve it recognizes that the film is undersampling the wheel movement in such a way that the wheel appears to move backwards.  

5. D. Downbeats occur every 3, 4/3, 8/5 seconds for the three songs.  You seek the smallest integers such 3(n) = (4/3)m = (8/5)r.  That is the first time the songs all hit their downbeat at the same time. The smallest integers that satisfy that are n=8, m =18, r = 15.  This yields a downbeat of the mix every 24 seconds.  Equivalently, the LCM of (3, 4/3, 8/5) is 24.

6. A.  You could pass all 5 test equals 1 way, or you could pass any 4 tests equals 5 ways, so there are 6 ways to pass.  

7. A.  This can be seen by sketching possible (x,y) pairs. More technically, max(x,y) defines the l-infinity norm, which has equal-distance contours that look like squares.

8. A.  Each day Group X gains 20 people from Group Y and loses 15 people from Group Y. Thus each day Group X in total gains 5 people from Group Y and Group Y in total loses 5 people. Thus after a few days Group Y will run out of people.  

9. B.  This is a markov finite state process and it will reach a steady-state equilibrium regardless of initial distribution of the two religions. In the steady-state (that is, in the long run) the amount of people going into group X and leaving group X must be equal. There are a couple ways to see this if you have never seen a finite state process before. The easiest way is to note that answer B is a steady-state in that once there are ten believers of religion X and 20 believers of religion Y then the system will stay that way (because each day religion Y gains (1/5)(10) = 2 and religion Y loses (1/10)20 = 2). Thus if the system ever arrives at ten believers in religion X and 20 believers in religion Y then it will stay that way forever.  Playing with a few scenarios might make it clear that given any other starting distribution (such as all 30 people believing religion X) the system will change and eventually arrive at the steady-state (X =10,Y=20) distribution.  

10. B. For two vectors to be perpendicular, their dot product must be 0. The dot product  is the sum of the product of each vector component. For  
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 the dot product is 

(-1)(-2) + (2)(-1) = 0. So these two vectors are orthogonal. None of the others given are.


11.  C. Note that Statement I and Statement II are mutually exclusive and either Statement I or Statement II has to be true.  Thus answer A and answer B must be wrong.  It will be easier to calculate Statement II.  The first card drawn is from some suit. The second card drawn must be from a different suit, so there are 39 choices out of 51 cards. The third card drawn must be from yet another suit, so there are now 26 choices out of 50 cards.   Thus we are asked:

(39/51)(26/50) > (1/2) ?  that is, is Statement II  likely? A preliminary calculation shows that Statement II is unlikely.  Thus (C) is the right answer.

12. B. It is helpful to draw x(t) as a pulse from time 0 to 1, then walk through the problem. First, x(t) is delayed by 3 seconds, call this w(t) = x(t-3). The pulse now starts at time 3 and goes to time 4. Then the signal is sped up by 2. Let z(t) = w(2t). That makes time go twice as fast, so z(t) is w(t) sped up by 2.  Since z(t) = w(2t), z(t) = x(2t -3) by substitution. The pulse should now start at time 1.5 and finish at time 2 (since the signal happens twice as fast). You can check that by plugging in t = 1.5 and t = 2 into x(2t-3) to get the original values of x(0) and x(1), which is in fact when the pulse started and when it stopped.    The solution x(2t-3) works for any signal x(t); but letting x(t) be a unit pulse can help visualize what's happening.

13. A.  Let the expected time to re-boot be E[T]. Then  E[T] is 5 minutes half of the time, but the other half of the time E[T] = 5 + (expected time to reboot).  Since the expected time to reboot is E[T], we can summarize the above relationships in one equation: 

E[T] = .5*5 + .5*(5 + E [T]).  Solving for E[T] , one gets E[T] = 10 minutes.

14. D. This a combinatorics problem where one separates ten friends into four groups consisting of 4 friends, 1 friend, 4 friends, and 1 friend. The number of ways to do this are 

10! /(4! 1! 4! 1!) = 6300 ways.

15. C. A migrant man is 5 times as likely as a local man, who is 1.4 times as likely as a local woman. Multiplying, the migrant man is 7 times as likely as the local woman to develop cancer.

16. A.  Make a drawing of X vs. Y. Then there is a quarter circle region where the given equation holds true, and that region has area pi/4 compared to the entire range of X and Y, which has area 1, so the probability of being in the desired region is pi/4.

17. E. (0) Multiply top and bottom by e^(-5n) to get

lim (as n goes to infinity)   (e^(-2n) - e^(-9n)) / (e^(-7n) + 1)

then in the limit this equals:  (0 - 0) / (0 + 1) = 0/1 = 0. 

18. E. ( ln4 – ln(ln(2)) )   Basically, the given relation cannot be simplified to any of the given answers. 

19. D.  Neither is linear (both are affine). System I is not linear because g(ax) = 3, which is not equal to ag(x) = 3a.  System II is not linear because g(ax) = 5(ax - 2) = 5ax - 10 which is not equal to ag(x) = a5(x-2) = 5ax - 2a. Thus neither system is linear.

20. C.  Let the probability that sandy wins be s. Then half the time sandy loses the first toss, and then her chances of winning are what Todd’s were originally , or 1-s.  So either she wins the first toss, or sandy’s chances of winning become 1-s.  Thus, the probability that Sandy wins is:  

s = .5 + .5(1-s).  

Sove for s to get that s =  1 - .5s or 3s/2 = 1, or s = 2/3.

21. A. The sum is 119 in base 10, which is then re-expressed in base 8.

22. B.  Break the integral into the sum of two integrals. Then the first integral is of 3sin(2t) from t = 0 to t = 6 pi.  This is an even number of cycles of sin(2t), and thus the integral (=area under the curve) is zero.  Consider the second integral, 9tcos(t). By integration of parts this equals

9(t=6pi)sin(t=6pi) - 9(t=0)sin(t=0)  - (integral of sin(t) from 0 to 6 pi)

= 9(0) - 9(0) - 0 

= 0. 

23. D. Although cos(4t) is periodic and sin(t sqrt(3)) is periodic, the sum of these two functions is not period.  This can be seen because the ratio of the periods of the two functions cannot be expressed as the ratio of rational numbers.  That is, there is no period T such that 

cos(4t) + sin(t sqrt(3)) = cos(4(t + T) + sin( (t + T) sqrt(3)). 

24. C. This is a question about basic matrix properties.  Matrices have a distributive property that makes I and III true. There is no commutativity of matrix multiplication, so II is not always true.

25. A. This is a standard integral where if the exponent on x is n, then the answer is n! (n factorial). It can also be solved by integration by parts. 

26. A. This is a basic geometric series summation and it can easily be shown that sums where the ith component is r^i add up to 1/(1-r) if the abs(r) < 1.  Here, r = 1/5. 

27. D. The mean of a set of points minimizes the total squared error. The mean of the three towns is the coordinates (8, 5/3).  This problem can also be solved directly by writing an equation for the sum of the errors, differentiating, and setting equal to zero.

28. C. One could multiply the terms out to get a polynomial in x and then integrate term-by-term. A much faster solution is to recognize that the integrand looks suspiciously like the derivative of (x^2 - 3)^4. In fact, the integral is = .5(x^2 - 3)^4. Evaluating that for the given limits quickly yields the answer of -640. 

29. C. Statement I can be proved as follows. Let f(t) be even. Let g(t) be odd. Then consider the new function h(t) = f(t)g(t). In order for h(t) to be odd, it must be that h(t) = -h(-t). But since f(t) = f(-t) by its even-ness and g(t) = -g(-t) by its oddness, 

h(t) = f(t)g(t) = f(-t)(-g(-t)) = -f(-t)g(-t) = -h(-t). Thus, h(t) is in fact odd, and we have just shown that in general the product of an even and odd function will be odd.

Statement II can be proved as follows. Let f(t) be even. Let z(t) be even. Let h(t) = f(t)z(t). To show that h(t) is even we must show that h(t) = h(-t).  This is in fact true since 

h(t) = f(t)z(t) = f(-t)z(-t) = h(-t) from the even-ness of f(t) and z(t). 

30. B.  The desired volume = 1^n - (1-a)^n . But (1-a) < 1, and thus powers of (1-a) decrease it, for example: (1-a)(1-a) < (1-a). In fact, in the limit as n goes to infinity,  (1-a)^n goes to zero. Thus the desired volume in the limit as n goes to infinity = 1 - 0 = 1.
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