Mu Alpha Theta National Convention:  Hawaii, 2005

Solutions – State Bowl – Mu Division

1. We have 
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2. The common difference is 
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.  Thus, the 2005th term is 950 + 950(–1) = 0.

3. Some trial-and-error produces the minimal sum of 3 + 4 + 7 = 14.

4. Using L’Hopital’s Rule, 
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5. The element in the first row and first column of the product is 
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.  The element in the second row and second column is 
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6. We have 
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7. We have 
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, so the slope when x = 6 is 2(6) + 3 = 15.  The equation of the tangent line is then y – 54 = 15(x – 6), or y = 15x – 36.  Thus, a + b = 15 – 36 = –21.

8. There are twenty-five people, and since it takes two people to shake hands, the answer is 
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9. Since 
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, we simply have to solve 
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, the solution is probably 15.  Plugging into the original equation confirms this, and thus, n = 15.

10. Repeated application of L’Hopital’s rule produces 
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11. If x is the side length adjacent to the given angle then by the Law of Cosines, we have 
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12. The average value is 
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13. Multiply both sides by r to obtain 
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14. We have 
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15. The sum of the delays is 
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 minutes.  Thus, at 12 A.M., the watch will be behind by this many minutes.

16. The table below summarizes all possibilities.

	Value of the first die
	Possible values for the second die

	1
	1, 2, 3, 4, 5, 6

	2
	1, 2, 4, 6

	3
	1, 3, 6

	4
	1, 2, 4

	5
	1, 5

	6
	1, 2, 3, 6


So there are a total of 6 + 4 + 3 + 3 + 2 + 4 = 22 possibilities out 36 outcomes, making for a probability of 
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17. There are 57 – 18 = 39 people that liked at least one of broccoli and cauliflower.  If x is the number of vegetarians that liked both, we have, by the Principle of Inclusion-Exclusion, 
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18. Differentiating implicitly, we have 
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.  Immediately plug in (0, –1) for the respective values of x and y to get 
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19. One of the roots is, of course 
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2

, and this value lies along the positive real axis.  The other 16 roots are evenly spread out among the four quadrants, and so there will be 4 roots in Quadrant IV.

20. The nth term of the given sequence is of the form 
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 is some other arithmetic sequence.  We have 
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.  Since the sum of c’s is just a constant with respect to x, they disappear upon differentiation, making 
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21. Let u = 2x + 6 so that du = 2 dx.  When x = 1 and x = 3, we have u = 8 and u = 12, respectively.  So the integral becomes 
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22. Let C = (x, y).  The foot of the median from C to AB is the midpoint of AB, which is 
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.  Call this point D.  The centroid divides median CD into a 2 : 1 ratio, where the distance from C to the centroid is twice as much as the distance from the centroid to D.  Thus, 
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23. Notice that 
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, hence, the sum is simply the Maclaurin series for the cosine function evaluated at 
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24. If 
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 is a root, then since p has real-number coefficients, 
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 is also a root.  If we let r equal the fourth root, then the sum of the roots is 
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25. If the number N has n positive integral factors, then the product of the factors is given by 
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26. Consider f on the interval [0, 2].  By the Mean-Value Theorem, there exists a c on the interval (0, 2) such that 
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27. The semi-perimeter is 
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28. We have 
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29. We have 
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 when x > 0, the critical point yields a local maximum, and indeed, upon further inspection, a global maximum since 
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30. For any integer n, we have 
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 equal to 0 when n is even and 2 when n is odd.  Since the values in the given set are equally likely to be chosen, the expected value of N is just 
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31. The other solutions are of the form 
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32. If there are n terms in the sequence, the first term is a, and the common ratio is r, then notice that
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Thus, the answer is simply 
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33. Let 
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Solving, we find that 
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34. If 
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35. The Newton-Raphson recursion is 
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36. By the change-of-base formula, 
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37. The trace of a matrix is the sum of the eigenvalues while the determinant is the product of the eigenvalues.  Since the matrix is 2 ( 2, there are two eigenvalues a and b.  The sum of the squares is 
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38. There are 
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 possible colorings without taking into the possibility that the cloth can be turned around.  There are 
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 colorings that are symmetric, i.e. a coloring that would produce the same sequence of colors when the cloth is turned around (for example, Red-Green-Red).  The number of non-symmetric colorings (without taking into possibility that the cloth can be turned around) is then 64 – 16 = 48.  Any of these colorings would be equivalent if they were turned around, so that leaves us with 24 non-symmetric colorings.  The total number of possible colorings is just the sum of the possibilities in the symmetric and non-symmetric cases, or 16 + 24 = 40.

39. We might as well derive a more specific result for a general quadratic function 
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 on the interval [A, B].  The slope of the secant line connecting the two endpoints of the graph is
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By the Mean-Value Theorem, this value is equal to the derivative somewhere, say at 
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40. Since P and Q are both odd functions, both 
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 are also odd functions and hence, their difference is also an odd function.  The integral of an odd function over an interval symmetric about the origin is 0.
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