Mu Alpha Theta National Convention: Denver, 2001
Number Theory Topic Test Solutions— Mu Division

. Theeasiest way to solve this problem isto find the total possible values of m because for
each m thereisexactly one possible n to pair with. The possible values of m consist of
the total number of possible factors (positive and negative) of 840. Thetotal number of
positive factors of a number can bederived from that number’s prime factorization.
Add oneto each of the exponentsin the prime factorization (the total number of choices
for the exponent of that primein afactor) and multiply those number stogether (they
ar e chosen independently from one another to identify each factor). Theprime
factorization of 840 hasfour primes(2, 3,5, 7) with exponentsof 3,1, 1, and 1
respectively. Sothereare (3+1)(1+1)(1+1)(1 + 1) = 32 possible positive values for m,
and also 32 negative values. For each m, thereisexactly onen. Thereare 64 different
ordered pairs.

5
. 15,625=15°. ) 5" =(5°-1)/(5-1) = 3,906.

n=0

. Thetrick istofind the number of powers of 10 which divide 15,634!. This means
finding the exponents of 2 and 5in the prime factorization of 15,634!. The exponent of
2 will clearly be greater than the exponent of 5, so we only need find the exponent of 5.
15,634/5 = 3,126 with aremainder. 3,126/5 = 625 with aremainder. 625/5 = 125. 125/5
=25. 25/5=5and 5/5=1. That meansthat thereare 3,126+ 625+ 125+ 25+5+ 1=
3,907 timesin which 5isincluded in the prime factorization of 15,634!. Thus 3,907 is
the answer.

. Using the same method of factor counting asin problem #1, we can arrange 32 asthe
product of exponents (+1) in several ways. 32 =(4)(2)(2)(2) = (4)(4)(2), etc. Wecan
make the problem easier by noting that we can produce a smaller number with four
factorsusing only powers of 3 than with a single factor of 3 and a prime greater than 3
x 3 (for instance, 27 islessthan 33 or 39). Noting such relationshipswe can seethat 32
= (4)(2)(2)(2) producesthe smallest possible integer using the smallest odd primes (3, 5,
7,and 11). (3)(3)(3)(5)(7)(11) = 10,395.

. Thereisatheorem that | have heard called the “ Chicken Mcnugget Theorem” which
gives a solution for a diophantine equation with only two relatively prime variables (a
and b) instead of three. Theformulaisfairly easy to derive and showsthat d =ab —a—
b. | leaveit asan exerciseto the solversto derivethe formulafor morevariables.

. 91=7x13. 111=3x37. 297=3x3x3x11. TheLCM isthus3x3x3x7x11x13x

37 =999,999.

. 82,861=41x43x47. 41+ 43+ 47=131.

432, = 4(64) + 3(8) +2=282=n*+8n+9. Thus n’+8n—273=0. Solutionsfor n are
13 and —21. Discard the negative solution.
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Thereisasimpletheorem in modular arithmetic that saysthat when we are looking for
a set of number swith the same congruencein two different mods, then we are looking
for the set of numbersthat hasthat same congruencein the LCM of the two previous
mods. TheLCM of 3and 11is33. Wearelooking for the smallest primewith a
congruence of 1 (mod 33). A quick search reveals 67 asthe answer.

Rewriting the Fibonacci numbersin (mod 3) reveals a pattern which repeatsin cycles of
4 with only one of the numbersin that cycle being congruent to 0 (mod 3). Thus exactly
100 of the first 400 Fibonacci’s are multiples of 3.

280 isthe only one of the answer choices which leaves aremainder of 7 when divided by
13.

Call thenumber AB where A isthetensdigit and B isthe unitsdigit.
BA-AB=10B-A)+(A-B)=9(B-A)=27. ThusB-A=3.

A quick way of solving thisproblem isto notethat 121, = (8+ 1)(8+ 1) = (7 + 2)(7 + 2)
= 144.,. Base numbersstill obey regular algebraic manipulation.

840= 2% x 3x 5x 7. Consider that the sum of all of the factors can be deter mined by:

(2°+ 22+ 2" +1)(3' + 1)(5' +1)(7* + 1) because each and every factor isrepresented
one and only once as one of the products of a power of each of the prime numbersin
840's prime factorization. Also noticethat (2° + 2>+ 2' +1)(2-1)=(2*-1). Soa
mor e compact formula can be derived to find the sums of factorsof ANY integer. [Try
to derivethisformula completely as an exercise.]

The sum of all of its positive factorsisthus
[(2*-1)(3% -1)( 5% -1)(72 -D)]/[(2- 1)(3- 1)(5- 1)(7 - 1)] = 2880.

Thesum, A, need only be calculated up to the point at which all subsequent termsare
multiples of 144. Thusonly thefirst 5terms need be calculated. The sum of those
termsisl+ 2+ 6+ 24+ 120 =153. Theremainder when 153 isdivided by 144 is9.

First not that B=-1(mod 3) and B=-1(mod 8) =>B =-1(mod 24). ThusB =-1 (mod
12) =>B =11 (mod 12).
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17. Thegreatest integer lessthan the cube-root of 100,000 is46. The sum of thefirst 46

positive perfect cubesisthe square of the 46" triangular number. (46)(47)/2 = 1,081.
(1,081)(1,081) = 1,168,561.

18. (15°)(10°) = (2° )( 3%)(5°). Divide both thisnumber and 128 by 32. Now takethe

remaining portion of the large number and find itsremainder when divided by 4
(which is 128/32): (3°)(5°)= (-1)%(1®) (mod 4) = -1 (mod 4) = 3 (mod 4). Multiplying
both sidesback by 32 tellsthe solver that the original number is congruent to 96 (mod
128).

19. 42a + 3(40a) = 0 + 3(1) (mod 7). Thus162a=3 (mod 7).

20. 5A55B =0 (mod 72) => 5A55B = 0 (mod 8) and 5A55B = 0 (mod 9).

21.

22.

23.

24,

25.

5A55B =0 (mod 8) => 55B=0(mod 8) => B+6 =0(mod 8). B=2.
5A55B=0(mod9) => A+B+15=0(mod9) => A+17 =0(mod 9). A=1

The difference between their ages must be a multiple of the LCM of Katie' sageson
those 7 birthdays. The smallest that LCM could beis420. On thelast birthday Bart
must have been 427.

N is2lessthan amultipleof 3,5,7,and 9. TheLCM of 3,5,7,and 9is315. 315-2=
313.

7%=2,401= 400+ 1 (mod 1,000). Takethat result to thefifth power:

7%= (400 + 1)° (mod 1,000) = 5(400) + 1 (mod 1,000) = 1 (mod 1,000).
Thus 7 = 7°? 7% (mod 1,000) = (1)(401) (mod 1,000) = 401 (mod 1,000).
Hence the hundreds digit of 7** is4.

We are hunting for integers, N, such that N =5 (mod 16), N =6 (mod 25), and N=7
(mod 36). From thefirst of theserelations, we know that N = 1 (mod 4), but that
contradictsthethird relation which showsthat N = 3 (mod 4). Thusthereareno such
integers.

11x =65 (mod 67) => 11x =65+ 67 (mod 67) => 11x =132 (mod 67) => x =12 (mod
67). All of the answers except for 6,567 ar e congruent to 12 (mod 67).
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Wearelooking for natural numbersthat are perfect squares. First, we sum thefirst 51
positive perfect squaresto get (51)(52)(103)/6 = 45,526. Wethen subtract 1 to get
45,525.

Given x=2(mod 4), we can say x = 4a—2 for some positiveinteger, a. Then from the
second equation, 4a-2=3 (mod 9) => 4a=5(mod 9) => a=8 (mod 9) and thuswe
can say a=9b — 1 for some positiveinteger, b. Thusx =36b —6. Finally, from thelast
equation, 36b —6 =5 (mod 25) => 36b =11 (mod 25) => b=1(mod 25). Thuswe can
say that b = 25¢c — 24 for some positive integer, c. Thusx =900c —870. 930 isthe second
smallest positive solution.

An integer expressed in a base, B, isamultiple of (B —1) if and only if the sum of the
integer’sdigitsisa multiple of (B —1). Thiscan be easily proven by induction (or other
means) and is left asan exercisefor the students. Now, we need only look at numbers
with digit sumsof 4 (8, 12, etc. would befar too large) in base 5. The second smallest of
theseis 10,111, = 656.

The product can bewritten as x?- 1 and factored into (x + 1)(x — 1). If theonly prime
factors are between 60 and 80, they must have adifferenceof [(x + 1) —(x—1)] =2. The
only twin primesin that rangeare 71 and 73. 73isthelarger.

Noticethat AAAA can befactored into (AA)(101). Also, AA +2=101. Qisthus101l.

This problem requires separating the cases of p =2 and p =3 from other cases because
they arefactorsof 24. They clearly havetheir own solutionsfor b. For p > 3 we will

evaluate: We can first write p as (2m + 1) and then evaluate p?(mod 8)
p? =4m’+4m + 1=4m(m + 1) + 1. Either m or (m + 1) iseven, thus

4m(m+1) + 1 = 1 (mod 8). Also, such p areeither congruent to 1 or -1 (mod 3) and

thus p? iscongruent to 1 (mod 3). p? isthusalso congruent to 1 (mod 24). Thisis
truefor all primeswhich arenot 2 or 3 and so there are exactly 3 possible valuesfor b.

32.

The product of eight consecutive triangular number s can be written asthe product of
eight consecutive integer s (starting with n) and then another eight consecutive integers
(starting with n + 1), divided by 2 to the eighth power. It iseasy to seethat out of any
eight consecutive integers, there are 4 even integers, 2 multiples of 4, and 1 multiple of
8. Overall, the product of the eight consecutive triangular numbers must therefore be a
multiple of 64.
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The sum of thefirst n counting numbersis alwaysthe square of the nth triangular
number. Theonly even number that isnot compositeis2. Thus49 of thefirst 50 even
counting number s are stupid political candidates.

(A,B,C,D)=(A, B, 2B, 8B). 8B isamultipleof 9 meaning that B isa multiple of 9.
Let B=9x,xisaninteger. ThenA+B+C+D =A +99x =100. Sincex isan integer, X
can only be 1 and thusA =1.

By Fermat’s Little Theorem we know that 5"'=1 (mod 11). From thiswe can
determinethat 59" = (1°)(5) (mod 11) = 5 (mod 11).

The number in question isat least 2*' and lessthan 2%. There are a couple of waysto
do the problem from here. Some students may recognize that log2 =~ .301. (31)(.301) =
9.331 and (32)(.301) = 9.632. Thusboth 2*" and 2% areten digit numbers (logs

between 9 and 10). It could also be noted that 2'° = 10° and thus 2% = 2(10°) and isa

ten digit number (similarly for 2%). Obviously all numbers between 2** and 2% are
also ten digit numbers.

Solving this problem involves a degr ee of deduction taking several factorsinto
consideration. We can rule out even valuesof N. We can also note that phi(10) = 4 and
phi(100) = 40. Thiswill help limit our search aswe know that the units digit of 3"
repeatsin a 4-cycle and thelast pair of digitsrepeatsin (at most) a 40-cycle. In fact,
noting that 3x 3x 3x 3=381=(80 + 1), we can see by binomial expansion that taking 81
to the fifth power producesa number with a unitsdigit of 1 and atensdigit of 0. Thus
3" repeatsitslast two digitsin a 20-cycle. Now we must ssimply look for where 3" =0
(mod 20) and adjust N by adding/subtracting multiples of 20. We thus need only check
thefirst 20 positive integers (and only the 10 odd ones of those).

We can rule out most of these by comparing the 4-cycle of unitsdigits. If N=1(mod 4),

then the units digit of 3" will be 3. If N =3 (mod 4), the units digit will be 7. Theonly N
that need betested arethus 7 and 13. 3" =N (mod 20) for 7, but not 13. Thetensdigit of

37

38.

is 8, thus 87 isthe only solution such that 3" =N (mod 100).

Given K = 1 (mod3), we can equate K = 3a—2 for some positiveinteger, a. Substituting
for K into K =3 (mod 5) yieldsthereationship 3a—2=3 (mod 5) => 3a=0(mod 5)
=> a=0(mod 5) and so we can equate a = 5b for some positiveinteger b and thusK =
15b — 2. Substituting for K intoK =7 (mod 11) yields15b —2=7 (mod 11) => 15b =
9(mod 11) => 5b =3 (mod 11) => 5b=25(mod 11) => b =5 (mod 11) and so we can
relateb = 11c — 6 for some positiveinteger, c. ThusK = 165c —92.
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20 20 20
The sum isequivalent to ) (165n—92) = (D 165n) —(20)(92) = 165( > n) — 1,840

n=1 n=1 n=1

20
165(> " n) — 1,840 = 165(20)(21)/2 — 560 = 34,650 — 1,840 = 32,810.

n=1

The Fibonacci numberswill always be cyclical in any mod because a term is defined by
its predecessors and there are a limited number of possible combinationsfor a pair of
predecessor s which would then produce the same cyclical pattern each timethat pair
occurs. Thetrick isjust to writedown the modular residues of the Fibonacci numbers
(mod 9) until thecycleisfound: 1,1, 2, 3,5,8,4,3,7,1,8,0,8,8,7,6,4,1,5,6, 2,8, 1,
0,1, 1, etc. The1lst pair of terms (1, 1) reappeared asthe 25" pair. Thecycleisthusa
24-cycle, thusm = 24.

This problem ismuch easier given a knowledge of the arithmetic mean-geometric mean
(A.M.-G.M) inequality. For any two positive numbersaand b, their A.M. isgreater
than or equal to their G.M. Given afixed G.M., the A.M. issmaller when the difference
between a and b issmaller (thisisleft asan exercisefor the studentsto prove). So, the
solution to this problem involves finding three numbersthat arerelatively prime and
considering whether or not thereisaway to reducethe A.M. of any pair of them (given
that they HAVE a G.M. already). Thenumbersturn out tobe5, 9, and 16. Thesum is
30.
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