2004 Mu Alpha Theta National Convention
Advanced Calculus — Mu Division
For all questions, the answer “E. NOTA” means none of the above answers is correct

1. Which of the following is the derivative of y =4x arcsin(3x)?

(A) -2 (B) 4arcsin(3x) (C)
1-9x?
4x .
+ 4arcsin (3x)
1-x?
12x .
(D) =+ 4arcsm(3x) (E) NOTA
1-9x

2. What is the derivative of f(x)= (3x)-1?

1-In(3 1 1 In(3 1
(A) z—z(x)(?m) (B) —%(3x)* (C) —%QX)(&()«
D) ln(3x)— gln(Sx)j (E) NOTA
X
3. Ify=f(4x-7)and f(x)=e™ , what s %?
(A) (56-32x )p 15 (B) (56-32x ™ (C) —2xe™
(D) 4e—16x2+56x—49 (E) NOTA

1
4. Which of the following is equal to j 8x°(2x+3) dx?

(A) %(2x+ 3)’5’ +277(2x+3)"_2 +C
4
(B) g(2x+3)?+c
10 7 4
(C) %(2x+3)_3 —$(2x+ 3? +%(2x+3)§ +C

(D) §(2x+ 3)-Ez —%(2x+ 3)g +2?7(2x+3)_§ +C
(E) NOTA
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5 |If % = 2xy’ —(yx)2 ,and y=1 when x =0, what is the value of y when x =17
X
(A) In2 (B) e C) 2 (D) 3 (E) NOTA

6. Consider a solid with a base in the xy-plane bounded by the x-axis, the y-axis,
and the line y = -2x + 4. If every cross-section of this solid perpendicular to the
y-axis is an equilateral triangle, what is the volume of this solid?

(A) V3 (B) % (C) 3 (D) 4 (E) NOTA

7. A particle’s velocity as a function of time is v(t): a+bt?, and at t =1 its acceleration,

velocity, and position are all 2. What is the total distance traveled by the particle
between t=0and t=27

13 14 15 16
RS ®) % © 3 ©) 3 (E) NOTA
8. Evaluate: lim( 3 (fcos[i—ﬂ}n
n—eo\ 17 n n
™ 0 ®) 3 oL oL (E) NOTA
9. Evaluate: T3sin3(a)da
(A) 2 (B) ’5” (C)g (D) (E) NOTA

10. A particle’s position in the Cartesian plane is determined parametrically by
x = 3t + 6t°

20 _ 28" What is its speed when t =17
y — —

(A) 93 (B) 3v29 (C) 1242 (D) 18 (E) NOTA
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i (n+1)<9[%x—5jn

11.For how many integer values of x does )’ " converge?
n=1 n (X—1)
(A) 14 (B) 15 (C) 16 (D) 17 (E) NOTA

2

12.A curve is defined parametrically as x = ¢ tjl

y=t'—t>+1. Which of the
2
following is equal to % ?

15 7 6 3 6 5 5 6 4 3 5
(A) St -2 (B) -1 (C) 2°-3t (D) t'~Zt  (E) NOTA

13.What is the coefficient of the (x — 2)2 term of the Taylor series for y = ;1( about 27?

(A) 1 (B) ©) —% (D) % (E) NOTA

N =

14.Which of the following is the Maclaurin series for y = x°¢”*?

w YT ey XY oY AEL (E) NoTA

n=0 n! n=0 n! n=0 n! n=1 (n - 1)
. . . . . dy Vs
15. Given the polar relationship r=2sin 8, determine dx when 6 = s
(A) V3 (B) v2 (C) 1 (D) % (E) NOTA
16.What is the area of the region enclosed by the polar graph of r= ¢ when
T T
-— <0< =7
(A) = (B) 4 (C) = (D) = (E) NOTA
3 24 3
17.1f f7(x)=3x+1,f'(1) =2, f(2) = 3 find f(x).
(A) f(x)=1.5x° + x-.5 (B) f(x) = 1.5x% + x + 2 (C) f(x) = .5x° + .5x? - .5x —
2
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(D) f(x) = .5x> + .5x*- .5x + 3 (E) NOTA

2
18. Which of the following is a solution to the differential equation y’ :y_2 Yo
X X
X X In x Inx
(A) y=r—— (B)y=— (C)y=1— (D)y=— (E) NOTA
2
19. Determine 22 if b(c,d): 3o +c- &
oc (o}
2 2
(A) 4+é (B) 3d° —S— (C) 9d2+1+§ (D) 3d3+1+% (E) NOTA

20.Which double integral represents the area of the region in the first quadrant
bounded by the graphs of x=y*+5, y= -2x +13, and the x-axis? Assume that
X>5.

.[29/4'[13 25x (B) j;gmjjs/zdydx () J jy13 y)/2

(D) ['y, 2" dxdy (E) NOTA

V1aa-22

21.Evaluate: j [ P ,—2 (7.7 dxdydz

(A) 4327 (B) 2887 (C) 2567 (D) 144~ (E) NOTA
22.Evaluate: J.:(%\dx
(A)e’—e (B) e*—1 (C) €2 (D) e (E) NOTA

23. Which of the following series converge?

© (nzjl " ié . i(cos2nn\

n=1 11 n=1 n
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(A) lonly (B) Il only (C) Il only (D) landllonly (E) NOTA

4t 2
—, and v:s—
S

e find aa—\:l at(t, s)=(1, 2).

V2
24 .Given that w=uv—:, u=
(A) 208 (B) 132 (C) 40 (D) 17 (E) NOTA

25.The length of the curve described by x =2t?andy =t for0<t<1is

5 5 3
A 3 B) Vs (©) g ©) 3 (E) NOTA
. . Y 4t +1
26. A particle moves on a plane curve so its positionis x =3t =7 and y= ”
fort > 0. The acceleration vector of the particle att = 2 is
1 17 47 17
A) (6,— B) (17,— C) (12,— D) (6,— E) NOTA
A 6 @)A1 (©) 127y (0) 6. (E)
[ vt
27.Evaluate lim| ==
x—2 X _4
(A) O (B) 2 (C) 4 (D) 8 (E) NOTA
11,
28. Evaluate: [[e* dxdy
Oy
e 1 e
(A) 2e -1 (B) e (©) 573 (D) 3 (E) NOTA

29.The water level in a cylinder is falling at a rate of 1 inch per minute. If the radius
of the cylinder is 10 inches, what is the rate that the water is leaving when the
volume is 500z cubic inches?

(A) —n (B) -100m (C) -200r (D) -500n (E) NOTA
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30. [x Jo[1]2]3]4[5]6
fx)[1]2]4[1]3]2]5

Given that f is a continuous function, and if three equal subintervals are used
for 0 <x < 6. Which of the following is equivalent to a right-hand Riemann Sum

approximation for josf(x)dx

(A) 14 (B) 17 (C) 20 (D) 24 (E) NOTA

Tiebreaker 1:

Let R be the region in the first quadrant bounded by the graphs of y=x and y = x*.
Find the volume of the solid formed when R is revolved about the line y = x+5.

Tiebreaker 2:

What is the average value of y = sin 2x over {%%}

Mu Alpha Theta National Convention 2004
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Mu Advanced Calculus
Answers
# Answer # Answer
1 D 18 A
2 A 19 D
3 D 20 C
4 C 21 B or E
5 D 22 A
6 B 23 E
7 B 24 C
8 D 25 E
9 A 26 A
10 B 27 B
11 E 28 C
12 A 29 E
13 D 30 D
14 A TB1 17 ”\/5
20
15 A TB2 3
T
16 C TB3
17 C
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1.

2.

( )

d 3
(D) By the Product Rule, — 4x arcsin(3x) = 4arcsin(3x) + 4XL—J .
dx - (3x)?

(A) Lety = (3X)1/X. Taking natural logs of both sides and using logarithmic differentiation, we get
Iny = M — 1ﬂ = (7)) —2(1)In(3x)’ so that ﬂ = (3X)1/X—1_ |n2(3x).
X y dx X dx X

(D) If y = f(4x — 7), then by the Chain Rule, g_y = 4f'(4X — T) = 4o W7 = 4 10" +50x-49
X

(C) Let u= 2x + 3, so that du = 2dx, transforming the integral to

[8x*(2x +3)" dx = IS(U 3} u1’3%:j(u—3)zu”3 du= [u”®-6u"”+9u"™ du, which

2
is equal to
%U10/3—$U7/3+2—47U4/3 +C :%(2X+3)10/3 _178(2)(_'_3)7/3+2747(2X+3)4/3+C.

1
(D) By separation of variables, we have — dy = (2x — x?)dx, or after integrating both sides,
y

1 s X . _— " )
——=X _E + C. Using the initial condition (0,1), we find that C = —1. Thus, when x = 1, we
y

1 , P
getthat —— =1"———1,ory=3.
y 3

(B) Because the shape is an equilateral triangle, the area of each cross section is given by
2

A(X) = X 1 Slicing in the y-direction, we see that the volume is equal to
2
. i x2\/_ V3. 43
.[0 A(x)dy f ( ] Tdy:T.

(B) The acceleration is given by a(t)=v'(t)=2bt. Since V(1) = a(1) = 2, we get the equations
a+b =2 and 2b = 2; thus b =1 and a = 1. The total distance traveled over the interval

0<t<2.sthenj | v(t) |dt_J‘ |1+t2|dt—j1 tzdt—1;

(D) The limit represents a Riemann sum of f(X) = cos X on the interval 0 < X < 7/ 4, so the

i !4
answer is Io cos xdx = —
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9.

10.

11.

12.

13.

14.

15.

16.

17.

(A) Since the power of sine is odd, break off a sine and convert everything to cosine; this’ll allow
us tolet U= cosa. So we have

[3sin’ada =[ 3sin’ asinada =- 3 (1-cos” a)(- sinada) =— 3[1-u* du=u’ - 3u.

When 7/2 < a< x, the limits change to 0 <u < —1; thus, the answer is U’ — 3u] =2.

(B) The answer is \/ (x'(1))? +(y'(1))? . Since x'(t)=3+12t and y'(t) = —6t*, we get
JOOP +(y' () =157 +(-6) =34/29 .

9

(B) The factor 1 will not affect convergence or divergence of the series; it suffices to test
> (n+1) . ,
ZT g - for convergence. By the Ratio Test, the series converges when
n=1
( \
IImLE::%) (nn+ ol X -9 = g— 5/ <1, or 32 < X < 48. There are 15 integers on this
interval.
dy 3t?-2t 3t
(A) We have — = > =———+1 ,andso
dx -2/t 2
E(ﬂj 15t
dy dtldx) ~To 7 _1_5,[7_21[6
dx?  dx/dt -2/t 4 '
n 3
(D) The coefficient is equal to y'(2) = 212 = 1
2 8
o x_aXx x_ < (2X) & 2'X
(A) Since € = nzo e have e n; o Z,O 7 s°
o 2n Xn o 2nxn+2
n= n=0 nt

(A) When @ = 7/ 6, the corresponding value of ris 2sin(z / 6) =1. Using the conversion
factors X =rcos @ and y = rsin @, we find the Cartesian coordinates of the point of interest to

be X =1cos(xz/6) =\/§/2 and y =1sin(z/6)=1/2. Given the equation r=2sin@,
convert to Cartesian mode by going I’ = 2rsin@ — x° +y° = 2y. Differentiating this implicitly,

weget y'= x/(1-y): the answeris (W3 /2)/ (1=1/2) =3.

3

l2
(C) By the standard formula, the area is — f szﬁ—a
(C)f’(x)=ff’(x)=I(3x+1)dx—15x +x+C f(1)-‘|5+1+C 2 C=
f'(x)=15x"+x-.5 =[f'x)=](1.5x° + x - 5)dx—5x+5x-5x+C
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18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

f2)> 4+2-1+C=3 C=-2 f(x)=.5x> +.5x° - .5x -2

d dv
(A) Let v = y ; then y = vX and d_y = Xd_ + V. Plug all of these into the differential equation to
X X X

dv 2 1 -1 X _

get X—+V=V +V,or < dv=—dx,or — = -==Inx+C. Solving for y, we get

dx % X % y
X

= —— . The answer given in choice A is when C = -1.
—C—Inx

y

. , b, . d?
(D) Treating d as a constant, we find that 8_ =3d" +1+ .
C C
(C) By inspection, the answer is choice C.

(B) Drawing the region of integration, we see that it's a cone with a circular base of radius 12 and

T
height 6. The integral in question is the volume of this region, which is 3 (12)°(6) = 288 .

T
(A) u=secx du=secxtanxdxwhenx=0 u=sec0=1; when X:§

g( secx\ z 2 2
u=secZ=2 I3 tanxe” dx = J'3(secxtanxese°x): Ie“du:e” e’-e
3 o\ cosx J 0 / 1
(D) I. Divergent Il. Divergent Ill. Convergent
, ow owau owov [ V)4 2v)[ —3s?)
(C) By the ChainRule, — =——+—— = LV +—2J —|+|lUu-—— L 7 |- When
o0 oua ov ot uc/\s u t
(t,s)=(1,2), then (u,v) = (2,4). Plug all these numbers in to get 40.
(B) The length =
1 2 2 1 1 371
[ (o) (dy) dt=[/36t* + ot* dt = [V/45t* dt =35 L
0 L dtJ L dt 0 5 3 1|0
(C) Find the second derivative X' =6t X"=6 y=ﬂt+ 1’(_1 y’=i - 1'[_2 y”=g’(_3
3 3 3 3 3
2(1) 1 1
x"(2)=6 "2==| = |=— 6,—
@1=6 v@er3lg)=n ©Ow
: 0o . X g .
(B) L’Hopital's Rule (form 6) I|rr;2— =2 (use 2™ fundamental theorem of calculus to find
X—> X

derivative of the numerator)
(C) The integral is impossible to evaluate at the current order of integration. If we switch the order
to dy dx, the bounds change to 0 <y < X and 0 < x <1, making

e—1

Ll axdy = [}y dydx = [jxe" dx==
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29. (B) % =—-1 V=ar*h r=10 (is constant) so V=1007h ((jj—\t/ = 1007:% =-100~

(note you don’t use 5007)
30. (D) Plot the points, draw the rectangles, find the areas and add 8 + 6 + 10 = 24.

Tiebreaker Solutions:

1 1
1. Let A be the area of the region; thus A = Jo X—x>dx = 6 . We proceed to calculate the center of

-- m x(x—x?)dx
mass (X,Yy)of R. We have x=—t = “—) A and
A 1/6 2

27~ (Y ax

Y= & = = Z The distance r from the centroid to the line X—y+5=0is
Y="A 7 176 “5 y+o=
1 2
N+=(-1N+
| k( )+Z (1 5{ 513
given by . By the Theorem of Pappus, the volume is
NP 20

(5121 1) 1722

2mA=27 50 \8) = 20

2. Answer: f(c)=—

Solution:

7[

b
f(c)= T [ f(x)dx f(c)—— j sin2x dx  u=2x du=2dx —du=dx
b-a- T T 2

71'

3 44
2l 2r
3 3
whenx=Z% u=Z  whenx=% u=2% fc)=—.1 | sinu du f(c)=§[-cosu]
4 2 3 T 27 T z
— z 2
12 2

VA

_6 27 T _6(1) 3
f(c)——{— cos?+cos§} f(c)_;L_J ==
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