Mu Alpha Theta - Interschool Test - 2004 National Convention

1.
Write the  equation for a line in Ax + By = C  form that passes through (1,8) and is perpendicular to 3x + 7y = 17.

2.
A system of simultaneous equations has the matrix form:

. What must c be in order for the system to have a solution?

3.
On a planet similar to Earth but with no atmosphere, an object is propelled upward. While it is in flight, the object's height (h) above the ground is a quadratic function of time (t). At times 2, 3, and 4 seconds after he fired it, the object is 76, 95, and 104 meters above the ground, respectively. What is h(t)?

4.
How fast (in meters per second) was the object mentioned in the preceding question going upwards the instant it was fired?

5.
If 

, what is 

?

6.
Simplify: 


7.


 can be expressed in the form 

 where a, b, c, & d are integers and b & d are as small as possible. What is a + b + c + d?

8.
If the cubic polynomial graphed to the right were divided by (x + 1), what would be the remainder?

9.
The equation 

 has roots 

. Find the quadratic 
equation that has roots 

.

10.
Which is bigger, 

 or 

?

11.
If 2004! were converted to hexadecimal notation, how many zeros would be at the end of the number?

12.
Consider the earth to be a perfect sphere with a circumference of approximately 40,000 kilometers. If an iron band were placed on the equator so that the iron band was touching the earth at every point along the equator, and then 12 inches were to be added to the length of the band, exactly how far away (in inches) from the earth would this band be if it moved away from the earth uniformly around the earth?

13.
A ten foot long water trough is being filled at a rate of 25 cubic inches per minute. If the ends of the trough are isosceles triangles with a base of 4 feet and a height of 7 feet, how fast is the water level rising (in feet per min) when the depth of the water is 

feet?


14.
A wooden beam has a rectangular cross section of height h and width w. The strength S of the beam is directly proportional to the width of the beam and directly proportional to the square of the height of the beam. What are the exact dimensions (in inches) of the strongest beam that can be cut from a tree with a diameter


of 12 inches?

15.
Find the volume of a solid whose base is bounded by 

 if all the cross sections of the solid perpendicular to the y-axis are semicircles.

16.
Given: A = (1, -2, 1),  B = (-3, 1, 0), C = (-2, 0, 3). There exist integer coefficients a, b, and c such that ax + by + cz = k for A, B, and C.  If  a, b, and c are relatively prime and a > 0, then what is k? 

17.
If 

, & 

, then in terms of a & b, what is 

?

18.
Simplify: 


19.
Let: 

 be a probability density function for some value of k.  What is the median of 

? [note: you will have to find k first]

20.
What is the exact value of the variance of f(x)?

21.
During any one production cycle it is found that 12% of items produced by a manufacturer are defective. A sample of 10 items is selected at random and inspected. Find the probability, to three significant figures, that at least two defectives are discovered. [

 = .316478381828866048]

22.
What is the maximum volume of a cone inscribed in a sphere of radius 6 in?

23.
A six foot man is walking away from a 20 foot light post. The man is walking at 5 feet/sec. If the man is 12 feet away from the light post how fast is the length of the shadow growing? 

24.


 The arithmetic series on the left hand side can be expressed in the notation of the term on the right hand side of the equation. What is the similar reduction that can be performed on… 


25.
Express 5.1203030303030303… as a fraction.

26.
Find 

.

27.
Find the exact length of arc for 

.

28.
Five sailors are shipwrecked together on a deserted island. They spend the entire day gathering coconuts into a large pile. They are going to split the pile up but are too tired so they decide to do the dividing in the morning. During the night, one of the sailors wakes up and decides to take his share. There is one extra coconut which he throws to a monkey and then he goes back to sleep. The other four sailors do likewise, one after the other, each one throwing a coconut to the monkey and taking one fifth of the remaining pile. In the morning the five sailors throw a coconut to the monkey and divide the remaining coconuts into five equal piles. What is the smallest number of coconuts that could have been in the original pile?

29.
How many distinguishable four letter “words” that have two vowels in a row, can be made from the letters of the word “consonant” ?

30.
The infinite series 

converges conditionally. Riemann was able to prove that any infinite series that converges conditionally could have the terms rearranged so that it would be equal to any number. Show a rearrangement of this series that is equal to half the value of this series.

Solutions:

1. The line 

 to Ax + By = C is Bx - Ay = C. 

 7(1) - 3(8) = C. 

 

.

2. det

=0. 

 to have a solution.  

 c = 6.


3.




 EMBED Word.Picture.8  

4.
The linear coefficient is the initial upward velocity 

 44 




5.


,  

4.468


6.


= 

= 

= 

= 

 = 


7.


 

 770 = x + y & 





 xy = 146016. 
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 = 

 

 12+3+-13+2 = 4


8.
P(b) is the remainder when P(x) is divided by (x - b). P(-1) = 4


9.


. since 

= -k and 

12. 

= 

 and 

 

 


10.
Consider 

, now
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x = e 
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 & 

 

 

 



 EMBED Word.Picture.8  


 EMBED Word.Picture.8  
 



 EMBED Word.Picture.8  


 EMBED Word.Picture.8  


 EMBED Word.Picture.8  


 EMBED Word.Picture.8  

11.


, 

, 

, 

, 

, 

, 

, 

, 

, 

. 1002+501+250+125+62+31+15+7+3+1 = 1997. 1997/4 = 499R1. There are 1997 factors of 2 in 2004!. Since 16 is 

, there are 499 factors of 16 in 2004! Therefore, there will be 499 zeros on the end of 2004! in hexadecimal.

12.
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13.


, 

, 

, 

 

ft/min


14.


, 

, 

, 

,

, w = 4

,  h = 4

, 


15.
x is the radius of the semicircle. x = 

, Area of a semicirle is 

. 

 = 72π

16.


, 

, 

, 

8(1)+11(-2)+1(1) = -13 

17.
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18.



19.


, 
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20.


, 

, 

,  Var(x) = 




21.
P(at least 2 defectives) = 1 - [P(0)+P(1)] = 

 = 




22.
In Calculus, it is possible to prove that the cone of maximum volume that can be inscribed in a sphere is the one that has a distance of 

 from the center of the sphere to the center of the base of the cone. If the radius of the sphere is 6, then the height of the cone is 8 and the radius of the base of the cone is 

.Therefore, the volume of the cone is 96π sq. in.

23.


, 

, 

, 
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ft/s


24.





25.
5.1203030303030303…= 

 = 

 = 

 = 

 = 


26.
Does not exist [L’Hopital can be used only once]

27.


, 

, 

 = 




28.
15621

 29.
two o’s - 

,   one a, one o, - 

 = 117

30.


 = 

 = 

 = 

 = 

 = 
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