Mu Alpha Theta National Convention:  Hawaii, 2005

Solutions – Individual Test – Mu Division

1. g´(x) = 4x(3)(x²+1)²(2x) + 4(x²+1)³.   g´(1) = (4)(3)(2)²(2) + 4(2)³ = 96 + 32 = 128  (A)

2. 
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dx =  -¼(1-2x²)^(½)·(2) + C = ˉ ½(1-2x²)^(½) + C  (C)

3. For y² = 2x+5,  2y dy/dx = 2 so dy/dx = 1/y.   At the point (10,5), the slope of the parabola is 1/5 while the slope of the line is 1.  Therefore S1 = 6/5.  At the point (2,-3), the slope of the parabola is -1/3 while the slope of the line is 1.  Therefore S2 = 2/3.  (S1)(S2) = (6/5)(2/3) = 4/5   (A)

4. Using l’Hopital’s rule,  lim x→0
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 = lim x→0 (a sin(ax))/(2x) = 


lim x→0 (a²cos(ax))/2 =  a²/2  (E)

5. Let N be a perfect square with the same non-zero units, tens, and hundreds digit.  The only possible values for the units digit of N are 1, 4, 5, 6, and 9.  The units digit of N can’t be 1 or 9 because the tens digit would be even.  The units digit of N can’t be 6, for then the tens digit would be odd.  If the units digit were 5, then the tens digit would always be 2.  The only possibility left is that the units digit equal 4, and indeed it is so because 462² = 213,444.  (A)

6. s(0) = 0 while s(1) = 48.  v(t) = 64 – 32t, so v(0) = 64 and v(1) = 32.  (64 – 32)/64 = ½  (B) 

7. All arithmetic is done modulo 1000.  The 57th term is 879 – 717 = 162.  Proceeding recursively, the 59th term is 162 + 879 = 1041 = 41 and the 60th term is 879 + 41 = 920.  (D)

8. y = ± (x³/(x-1))^(1/2) so I. is true.  x = 1 is a vertical asymptote; II. is false.  Domain excludes <0,1] so III. is false.  (A)

9. The graph of 
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 is the top half of the unit circle centered at the origin.  The equation given in the problem is essentially the same figure plus a reflection and translation; the shape is still that of a semicircle.  (E)

10. Differentiating implicitly:  2y dy/dx + x (dy/dx)/y + lny + 3x² = 0.  dy/dx = (-lny – 3x²)/(2y + x/y).  So dy/dx at (0,2) = (-ln2)/4.  Slope of normal line is 4/ln2  (C)

11. Clearly the three-of-a-kind cards cannot be aces, so there are two possibilities for the full house:  the two-of-a-kind cards are the aces, or otherwise.  In the first case, there are 
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 ways to make a full house, and in the second case, there are 
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 ways, for a total of 48 + 3168 = 3216 ways.  (B)

12. Decomposing into partial fractions:  1/((x+4)(x+1)) = (1/3)(1/(x+1) – 1/(x+4)).  


Σ (1/3)(1/(x+1) – 1/(x+4)) = (1/3)[(1 + 1/2 + 1/3 + 1/4 + …) – (1/4 + 1/5 + 1/6 + ….)] =


(1/3)(1 + 1/2 + 1/3) = (1/3)(11/6) = 11/18   (C)

13. Let y = (1-x)^(1/x).  lny = (1/x)ln(1-x).  Using l’Hopital’s rule,  lim x→0  (1/x)ln(1-x) = 


lim x→0  (-1)/(1-x) = -1.  lny = -1 implies y = e^(-1) = 1/e       (D)

14. We have 
[image: image7.wmf]5!2357

abcd

=×××

 and 
[image: image8.wmf]10!2357

efgh

=×××

, where a < e, b < f, c < g, and d < h.  Let x and y be integers where gcd(x, y) = 5! And lcm(x, y) = 10!.  For the power of 2, notice that we must either have 
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, where m and n have no factor of 2.  We can use the same reasoning for the three other prime-powers, giving us two possible cases for each one.  Thus, there are (2)(2)(2)(2) = 16 possible ordered pairs (x, y) with the desired property, so there are 16/2 = 8 possible pairs total.

15. Using differentials:  let f(x) = x^(1/3).  f(8+1) is approximated by f(8) + f´(8) · (1) = 


2 + (1/3)(8)^(-2/3) = 2 + 1/12 = 25/12.


Using Newton’s Method:  x1 = 2;  x2 = 2 – f(2)/f´(2) = 2 – (-1/12) = 25/12.  


The difference between the two is 0.  (E)

16. Note that 1 and –1 are two roots of the polynomial.  Thus, by factoring, we obtain 
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.  Notice that 
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 for all real x, and thus, can’t have any real roots.  Thus, the product of all non-real solutions of the given polynomial is just the product of the roots of 
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, which is 6.  (E)

17. f(1) = c + k = 2.  f ´´(x) = 6cx + 2k.  f ´´(1) = 6c + 2k.  Solving simultaneously gives c = -1 and k = 3.  k/c = -3   (C)

18.  
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4[-3 + 6] – 3[-3 + (-7)] = 12 + 30 = 42      (D)

19.  g(x) = -3 + 16x + 36x² - 8x³.  g´(x) = 16 +72x – 24x².  g´´(x) = 72 – 48x = 0 when 


x = 72/48 = 1.5   (A)

20.  Richard’s expected score on a True/False question is (2)(1/2) + (–1/3)(1/2) = 5/6.  Thus, his expected score in the True/False section is (5/6)(10) = 25/3.  Richard has the potential to score (5)(5) = 25 points on the free response section, but since his average is only 80%, his expected score is 25(.80) = 20 points.  Thus, his expected score on the entire quiz is 25/3 + 20 = 85/3.  (A)

21.  When h = 12, dh/dt = 1/3; r/h = 4/16 so r = h/4.  V = (π/3)r²h = (π/3)(h/4)²h = (π/48)h³; so

 
dV/dt = (π/16)h²(dh/dt) = (π/16)(144)(1/3) = 3π.  Since dV/dt = (amount pouring in) – 


(amount leaking away),  3π  = 10 – x and so x = 10 - 3π .  (B)

22. By Partial Fractions, 
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.  We have 
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 due to it being a telescoping series.  Thus, the answer is 3p – 15/4 + 25/3 = 3p + 55/12.  (E)

23.  f(avg) = 1/(π/4 – 0)∫sin²x dx = (4/π)∫(1/2)(1 – cos2x)dx = (2/π)(x – (1/2)sin2x) evaluated 


between 0 and π/4 = (2/π)(π/4 – 1/2) = (2/π)(π – 2)/4 = (π – 2)/2π  (C)

24.  The second smallest angle measures 180 – 75 – 45 = 60 degrees; the second smallest side of the triangle lies opposite this angle.  Let the length of the side equal x.  By the Law of Sines, 
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25.  
[image: image27.wmf]ò

+

3

0

2

3

9

x

dx

x

 = ∫27tan³Θ·3sec² Θ d Θ /(3 sec Θ ) = ∫27tan³Θ·sec Θ d Θ = 


27∫ ( sec² Θ – 1) tan Θ sec Θ d Θ  = 27((1/3) sec³ Θ - sec Θ ) evaluated between 0 and π/4 = 27(-√2/3 + 2/3) = 9(2 - √2)    (A)

26.  Applying the Ratio Test:  lim n→∞ │(n+1)(x-5)^(n+1) / n(x-5)^n│ = 


lim n→∞ │(n+1)(x-5)/n = lim n→∞ │x-5│ < 1  when 4 < x < 6.  Testing the endpoints, the 


series clearly diverges if x = 6 or x = 4.  (E)

27.  The term 
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 is obtained by finding the number of 2s in the base-3 representation of n; this fact is easily proved using induction.  Since 
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28.  The domain of f is x > 0.  The domain of 
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 is x > 1/4.   The domain of 
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.  Thus, the more compositions are made, the more that the 1/4 gets exponentiated by itself.  Thus, the domain of 
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 is the one closest to the solution set 
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, and by inspection, y = 1/2.  Thus, the domain of 
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, and that is the desired approximation.  (C)

29.  v(t) = 3(t-8)^(1/3) + 3 and s(t) = (9/4)(t-8)^(4/3) + 3t + C.  Since the velocity changes sign


 when t = 7, the total distance is s(8) – s(7) + s(0) – s(7) = 24 + 36 – 2(93/4) = 27/2.  (B)

30.  Label the vertices of the hexagon as ABCDEF, let G be the vertex of the inscribed square that lies on AF, and let the foot of the perpendiculars from A and F to the side of the square be H and I, respectively.  If we let x be the side length of the square, then GI = (x – 4)/2 and GH = x/2.  Since triangles AGH and GFI are both 30-60-90 triangles, FG = x – 4 and GA = 
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  Since these two lengths add up to one side of the hexagon, 
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; solving yields 
[image: image42.wmf]83/(13)1243

x

=+=-

.  (A)


_1183446527.unknown

_1183450009.unknown

_1183450139.unknown

_1183451732.unknown

_1183451908.unknown

_1183450213.unknown

_1183451675.unknown

_1183450212.unknown

_1183450211.unknown

_1183450068.unknown

_1183450102.unknown

_1183450018.unknown

_1183447540.unknown

_1183447942.unknown

_1183449629.unknown

_1183449962.unknown

_1183449529.unknown

_1183449628.unknown

_1183447718.unknown

_1183447941.unknown

_1183446784.unknown

_1183447539.unknown

_1183446783.unknown

_1183444632.unknown

_1183445265.unknown

_1183446171.unknown

_1183446172.unknown

_1183445266.unknown

_1183445313.unknown

_1183445105.unknown

_1183445264.unknown

_1183445104.unknown

_1183287845.unknown

_1183287984.unknown

_1183288151.unknown

_1183288367.unknown

_1183288107.unknown

_1183287889.unknown

_1149971637.unknown

_1149972359.unknown

_1150141289.unknown

_1149971627.unknown

