Mu Alpha Theta National Convention:  Hawaii, 2005

Solutions – Interschool Test

1. C&D must be in the order DC or CxxxxD, as must E&F.  If they’re both together, there are 
[image: image1.wmf]4!24

=

 ways to arrange the matrices.  If one of them is split, there are 
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 (two ways).  Both cannot be split, so there are 
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 legal arrangements.

2. Listing them out, we get 6, 
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, 
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, etc., giving 6, 10, 8, 9, 2, 12, 7, 3, 5, 4, 11, 1.  This sequence repeats every 12 terms, and 5002 has a remainder of 10 when we divide it by 12, so we want the tenth term of the sequence, which is 4.

3. Some thought about rotating the inner hexagon should lead to the conclusion that the largest hexagon will be aligned with the diagonal of the square, as shown to the right.  If a side of the hexagon is s, then the other labeled sides can be deduced based on the 45-45-90 triangle in the upper right.  The triangle in the upper left corner is a 45-120-15 triangle, and the law of sines gives 
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, giving an area of 
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4. A cone aligned with the cube will have a volume of 
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.  However, if we “tip” the cone a bit, we can have its base radius get larger while its height gets smaller. This is probably a good thing, with the best option being a cone aligned with a diagonal of the cube.  When the plane of the base of such a cone intersects the edges of the cone s units from the corner, the intersection has length 
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, the radius of the base is 
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, for a volume of 
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.  This volume is a maximum if 
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 has a zero derivative, which happens when 
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.  However, there is an upper bound to s in the cube, which is when the height is 
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 and thus 
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, so this will be the largest volume.  
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 is larger than 
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, and is thus our answer.

5. There are many solutions, the first of which will satisfy 
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6. If one draws horizontal and vertical lines through each vertex of a regular dodecagon with a horizontal side, one can divide the area into rectangles and 30-60-90 triangles.  One rectangle is 12 by 12, four are 12 by 6, four are 12 by 
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, and four are 
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 by 
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, plus there are eight triangles that are 6 by 
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7. a)  
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 simplifies to 
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, which gives 
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 and requires L’Hopital’s rule to get 
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b)  Draw a regular polygon with n sides and recognize that it’s area is the area of n isosceles triangles, each with a base of 
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 and a height of 
[image: image38.wmf]14360

cot

22

nn

°

æö

ç÷

èø

.

8. Clues for this were given by Tom Clymer (the person who oversaw the test-writing process) in the opening ceremony, and any competitor who deduced that the answer would be the opinion of the test-writer could ask around to learn who wrote the test and then see Tom with my daughter on many occasions.

9. The sequence represents the sum of all the positive n-digit integers.

10. Call or visit the local pizzerias to see what their prices are.

11. If the three three-digit numbers are ZYX, WVU, and TSR, consider their digital sums, A, B, & C (A is the sum of the hundred’s digit, etc., and any of these might be a two-digit number).  None of A, B, or C can be less than 6.  If the smallest is 6, the next largest could be 15 or more, up to 19 (barely less than the largest, 20).  Similarly, we can have a small 7 with a medium from 14 to 19 (tied with the largest).  As the low numbers get bigger, the middle numbers can be one lower each time.  So, 8 goes with 13-18, 9 with 12-18, and 10 with 11-17.  Now, our lower number is constraining the bounds of our middle number…  11 with 11-23, 12 with 12-21, 13 with 13-19, 14 with 14-17, 15 with 15 (& 15).  This gives us 271 total combinations (considering permutations to have 6, 3, or 1 option).  However, trading one from our middle sum to our leftmost sum and ten from our middle sum to our rightmost sum will create a duplicate value, and there are 72 ways to do this.  
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12.  
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 repeats with period four, and 
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 is 3 or 1 in mod 4.  
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 is odd, so 
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 is 3 in mod 4 and thus 
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ends in the same digit as 
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13. http://www.census.gov/population/cen2000/phc-t2/tab01.txt

14. http://the.honoluluadvertiser.com/article/2004/Oct/23/ln/ln05p.html

15. http://www.netstate.com/states/alma/hi_alma.htm

16. http://www.ksbe.edu/about/facts.php

17. MapsOnUs gives 2554 for A and 2448 for B.

18. http://www.hawaii.edu/campuses/manoa.html

19. http://www.netstate.com/states/geography/hi_geography.htm

20. http://www.50states.com/hawaii.htm

21. http://www.sfo.com/~csuppes/NCAA/WAC/index.htm?Hawaii/index.htm

22. http://en.wikipedia.org/wiki/Hawaiian_language#Orthography

23. http://www.netstate.com/states/symb/hi_symb.htm
24. A frequency distribution should convince you that this is a simple substitution, but the twist is that there are no E’s, which complicates things.  The decrypted text is aparticularsymbolisnotinthisparagraphsoastothrowoffyoursolutionprovidinglotsofsymbolsshouldallowyoutodoananalysistofindoutwhichsymboliswhichmanyadditionalwordsmaysupplyagoodquantityofdatasoiaddasmanyasicanthinkofthatdonotcontainthatparticularsymbolthatisprobablyagoodamountofdatasoontothisparagraphssolutionwwhichisfortyfourthirtyfirsts

25. Knowledge of checksums and examining many people’s IDs should lead you to the answer.

26. Start with any unit vector that isn’t i, j, or k.  We picked 
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.  We then considered the perpendicular unit vector 
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, but realized that it would give a cross product of –k, so we added k and turned the result into a unit vector, getting 
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.  Their cross product is 
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, which the conditions of the problem so long as the vectors are listed in the right order.

27. Upper and lower bounds for the values in each measurement can be found by assuming that the value might have been .0005 grams higher or lower.

28. A word could start in a corner, proceed to an edge, and then go anywhere, for 32 possibilities.  It could also start in a corner, then proceed to the middle, then go anywhere, for 28 possibilities.  Examining other cases gives 16, 64, 112, 8, 64, and 84 possibilities, for a total sum of 408.

29. Nearly everything can be made; the only impossibilities are a regular pentagon and the septagons & octagons.

30. a)  If everyone works on A, it will take 
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b)  If everyone works on B, it will take 
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 minutes, after which everyone can work on C, which will take 
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 for a total time of 
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, for a completion time of 1:18.
c)  If X works on A alone, it will take 
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 minutes.  If Y & Z work on C, it will take 
[image: image55.wmf]9135

6067.5

82

×==

 minutes.  The fastest way to finish E is to have everyone work on B until until X leaves for A while Y & Z finish B and do C, finishing simultaneously with X on A, then have everyone work on E.  X should start A when Y&Z would take 4.5 minutes to finish B, which is when there are 
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 units of work remaining.  It will take 
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 minutes for this to occur, then another 72 minutes for A, B, and C to be finished, and finally 
[image: image58.wmf]6

6030

12

×=

 minutes to finish E, for a completion time of 2:16.

31. The can contributes 14g with a center of mass at 5.5 cm.  The water has a volume of 
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g (water has a density of 1 g/cc) with a center of mass at 
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cm.  This makes the center of mass of the system 
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.  The numerator of the derivative of this expression must be zero at the minimum, so 
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, which becomes 
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 cm, or 17.73 mm.

32. When the jars are in the water, a cross-section containing the cans is 
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, for a volume of 
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.  Without the cans, this volume will have a depth 
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33. There are 
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 paths including the missing vertices, but we must subtract the 
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 paths through the lower left “hole”, the 
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 paths through the upper vertex of the upper right “hole”, and the 
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paths through the lower vertex of the upper right “hole”.  We have subtracted the 
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 paths through both vertices of the upper right “hole” twice , however, and must add them back in once, getting a total of 
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34. There are 
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 rectangles that surround gaps A (lower left) & B (upper right), 
[image: image77.wmf](

)

(

)

237835641246

××-×=×=

 that surround A only, and 
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 that surround B only.  For those that surround neither, some inclusion/exclusion is necessary.  Call the lower right region Z, the upper left region Y (these two overlap in the middle), the far left region X (overlaps Y), the lower region W (overlaps X & Z), the right region V (overlaps Z & W), and the upper region U (overlaps V, Y, & X).  Z has 
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 rectangles in it.  Similarly, Y has 784, X has 165, W has 55, V has 55, and U has 165.  Because we’ve double-counted some regions, subtract ZY (18), ZW (21), ZV (15), YX (84), YU (84), XW (3), XU (9), WV (1), and VU (3).  However, we’ve now subtracted triple-intersections three times and must add ZWV (1) and YXU (9) back in.  This gives 
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35. Each letter is encrypted as a three-digit sequence, which could be concluded from a frequency distribution (the two-digit sequences were too plentiful and had a flatter distribution). The decrypted text is thisencryptionusessequencesofthreedigitstoencodeletterswhichmightcomplicatemattersabitastwodigitswouldbemorethansufficienttoencrypttwentysixlettersideallythenumberoflettersinthismessagewillhavelotsoffactorssothatitsnottooobviousthattherearesetsofthreedigitsbeingusedthewaytosolvethisproblemistorealizetherearetoomanytwodigitsequencesbutthattherearetwentysixorfewerthreedigitsequencesthendoafrequencyanalysiswritenegativefourpointoneonenineonyouranswersheet
36. The first four terms are the IP address of www.artofproblemsolving.com  (a great resource for talented students of mathematics), and if one searches the forum for “Hawaii”, a post can be found which says that the answer is 
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37. This can be found by going to a bookstore and counting quickly in the last chapter.

38. Build the cheapest links you can, so long as they don’t connect two already-connected cities.  Build CG first, then HI, then AJ, etc.  At the very last step, don’t build DE (they’re already connected), and build GI instead.

39. The numbers in the sequences are the number of ways to arrange the letters in the words one, two, three, etc.  Because eleven has three e’s, the answer is 
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40. There are 
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 words with 1, 1, and 9 of each letter, 
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 words with 1, 3, and 7 of each letter, 
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 words with 1, 5, and 5 of each letter, and 
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 words with 3,3, and 5 of each letter, for a total of 
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41. When foiled out, 
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 is a one followed by 6015 zeros.  When 
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 is subtracted, there are 2004 9’s, a 7, and 4010 0’s.  When 
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 is added, there are 2004 9’s, a 7, 2004 0’s, a 3, and 2005 0’s.  When 1 is subtracted, there are 6014 9’s, a 7, 2004 0’s, a 2, and 2005 9’s, for a sum of 36090.

42. 
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43. If a was a root of 
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44. This expression 
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 looks very similar to the Law of Cosines, expecially if you multiply through by 
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45. We can write the matrix as 
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, so that 
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46. There are no triangles formed by three sides.  There are 6 made from two sides and a diagonal, 
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 made from one edge and two diagonals, and 
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 made from three diagonals.  The subtracted 6 is three diagonals meeting at a vertex, the 1 is three diagonals meeting in the center, and the 21 is all the ways to choose two parallel diagonals and a third diagonal.  
[image: image121.wmf]64856110

++=

.

47. By assigning x as the value this year and 60 as the value last year, expression such as 
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 can be written for each year’s price.  Forcing each expression to be positive will limit x to being between 
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48. The sequence goes 2, 
[image: image125.wmf]1

2

, -1, then repeats.  It does this 668 times with an extra 2, so the answer is 
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49. Given how few typos there are in other tests at the convention, the typos in this one must have a purpose…  Indeed, there is an extra question hidden one letter per problem.  To add to the fun, adjacent letters are transposed.  The problems says to “writefortyninestheanswertoproblemfortynine”.
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