Mu Alpha Theta National Convention:  Hawaii, 2005

Solutions – Poi Bowl – Alpha Division

1. A. Recognize that the angle must be obtuse. Then figure out what angle would give you a cosine of -1/5, then take the tan to get -2 root 6.  

2. B. You can guess and check by cubing each of the given possibilities. Or it's easy to do in polar coordinates: you need a magnitude of 1 so r = 1, and a theta such that 3*theta = 0, so

theta = 0 or theta = pi/3 or theta = 2pi/3 (or  Npi/3 for any integer N). So the cube root of 1 

is r = 1, theta = Npi/3. Then you have to convert to Cartesian complex coordinates using

a = r cos(theta) and b = r sin(theta).  

3. B. circle. You can sketch a few (x,y) pairs to "see" this. The way to prove it is to consider that the distance between any (x,y) pair that satisfies the given equation and the origin is always sqrt(x^2 + y^2) (you can use Pythagorean's Theorem to see this). But the equation says that sqrt(x^2 + y^2) = 5, which is a constant, and thus the distance from the equation's curve to the origin is always a constant. That describes a circle.

4. C.  Go around the circle in the complex plane 1 and a half times. Or one could use Euler's formula that e^(i theta) = cos(theta ) + i sin(theta).

5. D. The film take pictures too slowly and if you sketch consecutive frames you will see that in the movie it looks like the wheel is moving backwards.  The easiest way to solve this is by sketching. A more technical way to solve it recognizes that the film is undersampling the wheel movement in such a way that the wheel appears to move backwards.  

6. D.  Neither is linear (both are affine). System I is not linear because g(ax) = 3, which is not equal to ag(x) = 3a.  System II is not linear because g(ax) = 5(ax - 2) = 5ax - 10 which is not equal to ag(x) = a5(x-2) = 5ax - 2a. Thus neither system is linear.

7. D. Downbeats occur every 3, 4/3, 8/5 seconds for the three songs.  You seek the smallest integers such 3(n) = (4/3)m = (8/5)r.  That is the first time the songs all hit their downbeat at the same time. The smallest integers that satisfy that are n=8, m =18, r = 15.  This yields a downbeat of the mix every 24 seconds.  Equivalently, the LCM of (3, 4/3, 8/5) is 24.

8. D. Let G1 = first goalie and G2 = second goalie.  Possibilities are G1,G2 G1, G1, G2, G2, or G2, G1.  So ½ the possibilities are the same goalie.

9. A.  This can be seen by sketching possible (x,y) pairs. More technically, max(x,y) defines the l-infinity norm, which has equal-distance contours that look like squares.

10. A.  Each day Group X gains 20 people from Group Y and loses 15 people from Group Y. Thus each day Group X in total gains 5 people from Group Y and Group Y in total loses 5 people. Thus after a few days Group Y will run out of people.

11. A.  X has to be –6 for all the equations to be true. Working backwards, since Z = 1, (1-Y) must equal 4. Then Y = -3. Then from (-3 + x)^2 = 81, it must be that -3+x = 9 or -3+x = -9. Thus x = 12 or x = -6. The uncertainty is resolved by seeing that only x = -6 solves the first equation, x^2 = 36.

12. B.  The Law of Cosines gives 
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13. A.  One knows that 10^2 = 100 and that 10^3 = 1000. Since log grows slowly, one correctly determines that log base 10 of 230 will be closer to 2 than to 3.  

14. B. It is helpful to draw x(t) as a pulse from time 0 to 1. Then walk through the problem. First, x(t) is delayed by 3 seconds, call this w(t) = x(t-3). The pulse now starts at time 3 and goes to time 4. Then the signal is sped up by 2. Let z(t) = w(2t). That makes time go twice as fast. So z(t) is w(t) sped up by 2.  Since z(t) = w(2t), z(t) = x(2t -3) by substitution. The pulse should now start at time 1.5 and finish at time 2 (since the signal happens twice as fast). You can check that plugging in t = 1.5 and t = 2 into x(2t-3) gives you the original values of x(0) and x(1), which is in fact when the pulse started and when it stopped.    

15. B.  This can be checked by sketching a few pairs of (x,y) that satisfy the equation. To prove it, one can recognize that the equation is the set of lines x + y = 1, -x + y = 1, x + -y = 1, and 

-x + -y = 1, where the lines are cut-off by the coordinate axes. This set of lines forms a diamond.  

16. E (35 pi/18). Let y = sin(3x). Then the given equation is a quadratic in y such that y^2- y/2 - 1/2 = 0. Solving for y gives y = (1, -1/2).  Thus sin(3x) = 1 or sin(3x) = -1/2.  Consider all possible solutions for x, arriving at x = 35pi/18, which satisfies the constraint that x < 2pi and sin(3*35pi/18) = sin(35pi/6) = -1/2.  

17. A   Convert to a power of 4 by noting that 8^18 = 8^(2*9) = (8^2)^9  = 64^9 = (4^3)^9 = 4^(3*9) = 4^27. Taking the log with respect to base 4 yields 27.

18.  D. The given recurrence relationship can be solved using algebra to find that R[n] = n(n+1)/2. Then, for n = 100, R[n] = 5050. Alternately, one might write out a few terms of the series: 0, 1, 3, 6, 10, 15 and recognize that the relationship is R[n] = n(n+1)/2, then plug that into the recurrence equation to verify.  

19. C. A migrant man is 5 times as likely as a local man, who is 1.4 times as likely as a local woman. Multiplying, the migrant man is 7 times as likely as the local woman to develop cancer.

20. C.   The one graph is a circle of radius 4 centered at (0, -5) . The other graph is a hyperbola and only the part of the hyperbola passing through quadrant III passes through the circle, but it does so twice. 

21. B.  One can do this sequentially taking 9^(1/3) then plugging that into f(x). Or one can recognize that the z(x) and x^3 part of f(x) cancel giving you  9 – 3 = 6.

22. C. There are 20 possibilities for each amino acid, so there are 20*20 possibilities for a protein with two amino acids, there are 20*20*20 possibilities for a protein with 3 amino acids, and in general, there are 20^(N) possibilities for a protein with N amino acids.

for a 120 length protein, so that is 20^(120).

23. D. The easiest way to do this is to plug in the given answers and guess and check.

24. D. One finds the absolute value difference along each coordinate, that is 5, 3, and 7 (x, y, and z axes). Then ones sums these differences 5 + 3+ 7 = 15. 

25. A. The sum is 119 in base 10, which is then re-expressed in base 8.

26. A.  Let the expected time to re-boot be E[T]. Then  E[T] is 5 minutes half of the time, but the other half of the time E[T] = 5 + (expected time to reboot).  Since the expected time to reboot is E[T], we can summarize the above relationships in one equation: 

E[T] = .5*5 + .5*(5 + E [T]).  Solving for E[T] , one gets E[T] = 10 minutes.

27. E. (-16/65).  It is easiest to consider the angle above the x-axis (theta1) and below the x-axis (theta2) and then find cos(theta1+ theta2).  Use the trig formula 

cos(A+B) = cos(A)cos(B) - sin(A)sin(B).  

Here

cos(theta1 + theta2) = cos(theta1)cos(theta2) - sin(theta1)sin(theta2).

To find cos(theta1) and sin(theta1), use the relationship that cos(theta1) = adjacent/hypotenuse, which in this case is 5/13 (thanks to Pythagoreans). Simiarly, cos(theta2) = 4/5.    Similarly sin(theta1) = opposite/hypotenuse = 12/13 and sin(theta2) = 3/5. Then cos(theta1+theta2) = (5/13)(4/5) - (12/13)(3/5) = 20/65 - 36/65 = -16/65. 

28. D. This a combinatorics problem where one separates ten friends into four groups consisting of 4 friends, 1 friend, 4 friends, and 1 friend. The number of ways to do this are 

10! /(4! 1! 4! 1!) = 6300 ways. 

29. C.  Let the probability that sandy wins be s. Then half the time sandy loses the first toss, and then her chances of winning are what Todd’s were originally , or 1-s.  So either she wins the first toss, or sandy’s chances of winning become 1-s.  Thus, the probability that Sandy wins is:  

s = .5 + .5(1-s).  

Sove for s to get that s =  1 - .5s or 3s/2 = 1, or s = 2/3.

30. C. Statement I can be proved as follows. Let f(t) be even. Let g(t) be odd. Then consider the new function h(t) = f(t)g(t). In order for h(t) to be odd, it must be that h(t) = -h(-t). But since f(t) = f(-t) by its even-ness and g(t) = -g(-t) by its oddness, 

h(t) = f(t)g(t) = f(-t)(-g(-t)) = -f(-t)g(-t) = -h(-t). Thus, h(t) is in fact odd, and we have just shown that in general the product of an even and odd function will be odd.

Statement II can be proved as follows. Let f(t) be even. Let z(t) be even. Let h(t) = f(t)z(t). To show that h(t) is even we must show that h(t) = h(-t).  This is in fact true since 

h(t) = f(t)z(t) = f(-t)z(-t) = h(-t) from the even-ness of f(t) and z(t). 
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