Mu Alpha Theta National Convention:  Hawaii, 2005

Solutions – School Bowl – Mu Division

1. We have 
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2. Since 
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3. We have n = 2, so 
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4. Converting to common bases, we have 
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5. Differentiate implicitly to obtain 
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6. Since 
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7. Expanding by the first row, we get 
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8. If 
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9. Using the standard relations between the roots of a polynomial and its coefficients, we get that the sum of the squares is 
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10. We have 
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11. If the radius of the circle is r, then we’re interested in the moment when 
[image: image26.wmf]2

22

rr

pp

=

, or r = 1.  Since 
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12. If 
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 is a root-mean sequence, then, by inspection, 
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 is not an integer, the answer is 6.

13. By Power-of-a-Point, (AE)(EB) = (CE)(ED), so ED = 6.  Call the center of the circle O and draw perpendiculars OF and OG from O to AB and CD, respectively.  Since the perpendiculars bisect their respective chords, FB = 7 and so EF = 5.  Also, GD = 5 so        EG = 1.  Notice that triangle EOG (or alternatively, triangle EOF) is a right triangle, the length of EO the distance from E to the center of the circle.  By the Pythagorean Theorem, 
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14. In 24 seconds, the jogger has covered 24/56 = 3/7ths of the track, and so the other jogger has ran 4/7ths of the track.  If x is the time it takes for the other jogger to run around the track, then, using proportions, 
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15. In order for f to be continuous, 
[image: image38.wmf]2

lim()(2)

x

fxf

®

=

, or 
[image: image39.wmf]3

21024

kk

+=-

, and so 
[image: image40.wmf]k

=

1

-

3

.

16. By the Chain Rule, 
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17. Notice that 
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 is a 4th degree polynomial and thus, taking successive derivatives makes everything vanish except the fourth derivative of the 
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18. After two cards with two numbers are taken out, there are 4 pairs of cards with the same number that remain.  There are 
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 ways to pick the cards without restriction, so the probability is 
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19. Since the given graph is nonnegative on 
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20. Since A has four columns, B must have four rows, or else the product AB would not be defined.  Since C has three rows, B must also have three columns, or else the product BC would not be defined.  Thus, B has (4)(3) = 12 elements.

21. By the Pythagorean Theorem, 
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22. The function and the tangent line must have equal value and derivative at the point of tangency.  Hence, 
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23. Let a, b, and c be the sides of the triangle, with c the hypotenuse.  We have 
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Of course, letting a = 7 and b = 24 will also do the trick…

24. By the linearity of integrals, 
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25. Write the equation as 
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26. Let 
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.  Since the last two digits of N are 25, the units digit of M must be 5.  In particular, if M is 5, then x = 0.  Now suppose that M has at least two digits.  If the tens digit of M is 1, 3, 6, or 8, then x = 2.  If the tens digit of M is 2 or 7, then x = 6.  If the tens digit is 4, 5, or 9, then x = 0.  The sum of the possible values of x is 0 + 2 + 6 = 8.

27. By the Intermediate-Value Theorem, for any 
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28. To maximize the velocity, we need to set the acceleration function equal to 0.  We have 
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29. The primes with the given property are 11, 13, 31, 17, 71, 37, 73, 79, and 97, for a total of 9 primes.

30. Note that differentiation of a function reverses its “parity,” that is, the derivative of an even function is odd, and vice versa.  Thus, 
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31. If (7, 2) is a point on g, then the corresponding point on f is (2, 7).  Since 
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32. The resulting solid is an octahedron, which consists of two congruent square pyramids glued together at the base.  The base of the pyramid is a square with diagonal 6, and thus, a side length of 
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33. If 
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34. Consider this figure:

There are 5 acute triangles in this figure: AEG, DHE, HBC, ACI, and BDF.  There is a more theoretical (and satisfying) way to prove that 5 is the maximum number of acute triangles, but it’s a tad bit more time consuming and impractical for the purposes of this test.

35. By the Disc Method, the volume is 
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36. Note that 28 is a perfect number (a number whose positive integral factors add up to twice the number).  In a perfect number, the sum of the reciprocals of its positive integral factors is equal to 2.  Since 
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37. The area of the sample space is 1, so the probability will just be the area of the correct graph.  If we let x and y be the numbers, then we want the region on 0 < x, y < 1 such that 
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38. We minimize the square of the distance from the center to one focus, which is 
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39. There are 7 choices for the first digit (since the number is in-between 1000 and 8000), 9 choices for the second digit, 8 choices for the third digit, and 7 choices for the fourth digit.  The total number of possibilities is (7)(9)(8)(7) = 3528.

40. We have


[image: image99.wmf]33

1

5

1010

sin(2)2sincos2()()

qqq

===

 and 
[image: image100.wmf]2222

3

14

5

1010

cos(2)cossin()()

qqq

=-=-=-

,

so 
[image: image101.wmf]3

4

55

sin(4)2sin(2)cos(2)2()()

qqq

==-=

24

-

25

.

B





A





C





D





F





G





H





H





E








Page 1

_1182514976.unknown

_1182519118.unknown

_1182520897.unknown

_1182522444.unknown

_1182524206.unknown

_1182527182.unknown

_1182528758.unknown

_1182528378.unknown

_1182527181.unknown

_1182522626.unknown

_1182524001.unknown

_1182524093.unknown

_1182523444.unknown

_1182522482.unknown

_1182521830.unknown

_1182522442.unknown

_1182522441.unknown

_1182521029.unknown

_1182521829.unknown

_1182521228.unknown

_1182520940.unknown

_1182519602.unknown

_1182520504.unknown

_1182520683.unknown

_1182520896.unknown

_1182520662.unknown

_1182520682.unknown

_1182519797.unknown

_1182519820.unknown

_1182520447.unknown

_1182519704.unknown

_1182519420.unknown

_1182519430.unknown

_1182519140.unknown

_1182516637.unknown

_1182516939.unknown

_1182517137.unknown

_1182517254.unknown

_1182517136.unknown

_1182517135.unknown

_1182516805.unknown

_1182516938.unknown

_1182516937.unknown

_1182516804.unknown

_1182516803.unknown

_1182515792.unknown

_1182516034.unknown

_1182516076.unknown

_1182515899.unknown

_1182515098.unknown

_1182515150.unknown

_1182515097.unknown

_1182512147.unknown

_1182512484.unknown

_1182513183.unknown

_1182513475.unknown

_1182514750.unknown

_1182514966.unknown

_1182514749.unknown

_1182513292.unknown

_1182513474.unknown

_1182512581.unknown

_1182513081.unknown

_1182512580.unknown

_1182512240.unknown

_1182512387.unknown

_1182512465.unknown

_1182512359.unknown

_1182512190.unknown

_1182512215.unknown

_1182512164.unknown

_1182455995.unknown

_1182457451.unknown

_1182458329.unknown

_1182458379.unknown

_1182458556.unknown

_1182511980.unknown

_1182458391.unknown

_1182458349.unknown

_1182458205.unknown

_1182458290.unknown

_1182457452.unknown

_1182456542.unknown

_1182456761.unknown

_1182456915.unknown

_1182457135.unknown

_1182457178.unknown

_1182456789.unknown

_1182456558.unknown

_1182456148.unknown

_1182456365.unknown

_1182456147.unknown

_1182455899.unknown

_1182455969.unknown

_1182455987.unknown

_1182455952.unknown

_1182455788.unknown

_1182455789.unknown

_1179730223.unknown

_1182455655.unknown

_1155205137.unknown

