Gemini Mu Solutions                             
ΜΑΘ National Convention 2010
The following were changed at the resolution center at the convention: 5 E, 28 thrown out

1. (C).  The coefficients of [image: image2.png]


 and [image: image4.png]


 are of different signs, so the conic is a hyperbola.
2. (B).  Use favorite method of solving systems of equations to obtain [image: image6.png](x,y.2) = (1,




, so [image: image8.png]—(—2)’=4—-4=




.
3. (D).  We have [image: image10.png]3x*+ 241




, so the slope of the tangent line is [image: image12.png]y'(1)=3+2+1=6



 and [image: image14.png]L(x)—4=6(x—1)



, so [image: image16.png]L(x) =6x—2



 and [image: image18.png]L(10) = 58



.
4. (A).  Take each of the powers in modulo 4 since we know that powers of [image: image20.png]


 are periodic with period 4.  We have 
[image: image22.png]43 4% S 4T =242 +i?+i'+i"=—1-1-1+i4+1=-2+i




.
5. (D).  On the interval [image: image24.png][0,27]



, the equation has four solutions consisting of two pairs of angles that add up to [image: image26.png]2w



.  On the interval [image: image28.png](2m,4m]



 there is once again four solutions equal to each of the angles in the previous interval...plus [image: image30.png]2w



.  The sum of all solutions is therefore [image: image32.png]


.
6. (D).  The derivative is [image: image34.png]-9

%
at




, making for critical points of [image: image36.png]


.  By the First Derivative Test, the local minimum occurs at [image: image38.png]


.  The actual coordinate is [image: image40.png](1,-5)



, so the answer is [image: image42.png]


.
7. (C).  Plug the points into the formula to obtain the system: [image: image44.png]atb+c=4
9a+3b+c
Eny 4 Eh 4

4
40




.  Solve the system to get [image: image46.png](a,b,c) =(2,-3,5)



, so [image: image48.png](49) —3(7)+5 =82



.
8. (A).  Expand by minors along the first row: [image: image50.png]7 6]
4 s

267




.
9. (D).  We have [image: image52.png]


.  So [image: image54.png]f'(c)=3c*+6c=9



, which has solutions [image: image56.png]


.  The only solution in the interval [image: image58.png](-5,1)



 is [image: image60.png]


.
10. (E).  By Fermat's Little Theorem, [image: image62.png]10° = 3%
3% = 1(mod7)



.  So [image: image64.png]1032009 = 32009 = 3334:645 — (36)334, 35




.  Since 243 has a remainder of 5 upon division by 7, the answer is 5.
11. (E).  By Heron's Formula, [image: image66.png]P _ latbic) _
7 B

s 21



, making  [image: image68.png]J21(21=7)(21 — 15)(21— 20) = 42



.  Thus, [image: image70.png]A+P=42+42




.
12. (D).  By the Fundamental Theorem, [image: image72.png]2

10

@P-2@%+20)=73

2(2x2
Jy (2x* —3x +2)ax 5




.
13. (B).  It's straightforward to generate the first several terms and see that [image: image74.png]


, the nth Mersenne Prime.  Moreover, enumerating the sequence quickly yields prime values for [image: image76.png]


, so the answer is [image: image78.png]22+
32+
5%
+7* =
=87



.
14. (E).  Use the standard divisibility rules and try to disprove the "primeness" of the answer choices.  15463341 is divisible by 3 (sum of the digits divisible by 3), 15463343 is divisible by 7 (twice the last digit subtracted from the number with the units digit omitted is divisible by 7), 15463349 is divisible by 11 (alternating sum of digits divisible by 11), and 15463359 is divisible by 9 (sum of the digits divisible by 9).  None of the answer choices are prime.
15. (A).  For a sphere, [image: image80.png]


 and [image: image82.png]


.  The volume is [image: image84.png]


 when the radius is [image: image86.png]


.  Plug everything into the derivative to obtain [image: image88.png]37 = 4 (2)

\ 2 ar



.  Thus, [image: image90.png]dr.
a



.
16. (C).  The prime factorization of [image: image92.png]360 =2%.3%.5



.  Let R equal the desired sum so that [image: image94.png]


.  Notice that for any divisor d of 360, [image: image96.png]360/d



 is also a divisor of 360.  So the right-hand side of the equation [image: image98.png]


 is simply the sum of the divisors of 360, which is [image: image100.png]c(360)=(1+2+4+8)(1+3+9)(1+5)=1170



.  Thus, [image: image102.png]


.
17. (D).  The particle is at rest when [image: image104.png]v(t) =p'(t)



, or when [image: image106.png]


.  Since [image: image108.png]a(t) =v'(t) =192t™*



, the answer is [image: image110.png]152 _ 3
—

a(4) =% =1



.
18. (A).  Let [image: image112.png]R(n)



 be the formula for the case of n lines.  Then [image: image114.png]


, [image: image116.png]R(2)=4



, and in general, [image: image118.png]R(n+1)=R(n)+n+1



, and so [image: image120.png]R(n)

nlntl)

+1



.  The answer is [image: image122.png]R(17) = 154



.
19. (D).  Integrate the equilateral triangle area formula to obtain 
[image: image124.png]—[EE_ B2
E B2 (- nyE)




.
20. (E).  Using Partial Fraction Decomposition, [image: image126.png]1
N s Temre




, a telescoping series.  List out the terms to see that the second summand cancels out every term in the first summand except the first, making the sum equal to [image: image128.png]53



.  Thus, [image: image130.png]


.
21. (A).  Let [image: image132.png]


, so that when [image: image134.png]


, [image: image136.png]Hg()=Ff5) =2



.  Rewrite the equation as [image: image138.png]


 and differentiate implicitly to get [image: image140.png])y =g"(x)



.  Plug-in the values to get an answer of [image: image142.png]


.
22. (C).  Playing around with the function for various arrangements, we can see that there are essentially three permutations that produce unique values: [image: image144.png]f(1,23,4) =12



, [image: image146.png]f(1,3,2,4) = 18



, and [image: image148.png]f(1,24,3) =10



.  Thus, [image: image150.png]180



.
23. (D).  Using the Theorem of Pappus, the volume [image: image152.png]


, where d is the distance from the centroid of the region to the line and A is the area of the region.  The area of R is [image: image154.png]


.  The region is symmetric to the y-axis, so the x-coordinate of the centroid is 0.  The y-coordinate of the centroid is [image: image156.png]J(F@) =
(F) =21 a-x%?




.  The distance from the centroid [image: image158.png]


 and the line [image: image160.png]


 is [image: image162.png]


.  So the volume is [image: image164.png]


.
24. (B).  Let [image: image166.png]3m



 and [image: image168.png]3"



, where [image: image170.png]


 and [image: image172.png]m # n



.  We have [image: image174.png]


.  It's actually easier to find the number of ordered pairs [image: image176.png]


 where [image: image178.png]


 is an integer then subtract this count from the total number of possible ordered pairs.  In order for [image: image180.png]


 to be an integer, m has to be a multiple of n.  If m and n are distinct and n is at most 50, there are [image: image182.png][50/n] —1



 multiples of m for each n, where [image: image184.png][



 stands for the greatest integer function.  The total number of ordered pairs desired is thus [image: image186.png]¥, (|2 -1) =157



.  The total number of ordered pairs without restriction is [image: image188.png]50 - 49 = 2450



, making the answer [image: image190.png]2450 — 157 = 2293



.
25. (D).  Be careful, since the region is below the x-axis, the "areas" in question are negative, so that a less negative area actually will over-estimate and a more negative area is an underestimate.  Since the derivative is positive, the function is increasing on the interval, and so the left endpoints of the subintervals are less (i.e., more negative) than the right endpoints.  Consequently, [image: image192.png]L<R



.  The Trapezoid Rule is in-between the left and right-hand sums, so [image: image194.png]L<T<R



.  The second derivative is positive so the graph is concave up, meaning trapezoidal approximations will be contained under the graph, so that [image: image196.png]T>1



.  Combining these results yields [image: image198.png]R>T>1>L



.
26. (A).  There are three mutually exclusive cases to consider: Case 1 is that the first toss is a Tail.  Case 2 is the first two tosses is a Head-Tail.  Case 3 is the first two tosses is a Head-Head.  Let x equal the desired expected number of tosses.  Given that Case 1 occurs, the expected number of tosses is 1 + x, since we didn't obtain anything necessary for the Head-Head-Tail sequence to occur, and thus we essentially have to start over.  A similar situation happens in Case 2, except that we are now two tosses "behind," making the conditional expected value 2 + x.  For Case 3, we have tossed two heads and now simply need to "wait" for a tail to occur.  Since the probability of getting a tail on a coin toss is 1/2, the expected number of additional tosses needed to get a tail is 2, so that the expected number of tosses in total is 2 + 2 = 4.  Combining these results yields the equation [image: image200.png]=3+ +(3) e+ +(3)®



, which has solution [image: image202.png]


.
27. (B).  The Maclaurin series for the geometric is [image: image204.png]


.  Differentiating both sides of this equation with respect to x yields [image: image206.png]o = Zimokx* T



.  Multiply both sides by x to obtain [image: image208.png]57 = Zimo k2"



.  Differentiate again and multiply both sides by x, so that [image: image210.png]= x ZE kAt = TR kit



.  Plug in [image: image212.png]


 to obtain [image: image214.png]


, making [image: image216.png]m+n



.
28. (B).  Let |CD| = t.  By Stewart's Theorem, [image: image218.png]ana + bmb = tct + men



, we have [image: image220.png]B)BBR)+ W)@ =BG+ @2)([®0B3)



, or [image: image222.png]5t +6t—59=0



.  Solving for the positive value of t, we get [image: image224.png]3 4IS
o



, making [image: image226.png]lal + ] + el + Ipl

3+4+19+10




.
29. (C).  We have [image: image228.png]folx) = nf,_;(x+ 1)dx



.  Thus, [image: image230.png]filx)=[1dx=x+C



.  The second condition in the problem essentially makes all constants of integration 0, so we'll ignore them, making [image: image232.png]


.  We have [image: image234.png]f(x)=[2(x+1)dx = x>+ 2x = x(x + 2)



.  Continuing this way, we find a pattern of [image: image236.png]fo(x) =x(x+n)"?



, which can be more rigorously proved using mathematical induction (in practice this wouldn’t be done under time pressure, but rest assured the pattern is valid).  Thus, [image: image238.png]fis0(13) = 13*(163)**



.  Since both 13 and 163 are prime, the number of positive divisors is [image: image240.png](1+1)(149+1)



.
30. (C).  Let x be the winning score.  All possible scores are from the first ten positive integers, so that the total score for everyone competing is [image: image242.png]1+2+3+ -+ 1

55



, which makes the losing score equal to [image: image244.png]


.  Since the lower score wins, [image: image246.png]x < 55




, or [image: image248.png]x < 27.5



.  The lowest possible winning score is [image: image250.png]1+2+3+4+5=15



 and could potentially get as high as 27 points.  Some guessing-and-checking shows that all scores from 15 to 27 is attainable, and thus, there are [image: image252.png]27—-15+1=13



 possible winning scores.
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