Complex Numbers - Alpha SOLUTIONS MAG® National Convention 2010

(1B | |5.B
i\/ﬁzc Let z, =a+biandlet z,=c +di.
ine =c p(x) = (X — (a+bi))(x - (c + di))
—c=¢? = X? = x((a+bi) + (c + di))+ (a+ bi)(c + di)
c=0,-1 = x> —x(a+c+ (b+d)i)+ac—bd + (bc + ad)i

il 20 b+d=0
iV =1 b=—d

|2.C |
bc+ad=0
d =\/(4—11)2+(—7—17)2 bc—ab=0
J J b(c-a)=0
d =+/49+ 576 = /625 = 25 620 - c_az0
| 3.A | c=a
V-4 x+/-3 2 J(-4)(-3) Therefore, when z, =a+bi, z,=c+ di=a-bi.
(@i)xiv3 i3 2 W12 Also, if z, =a+biand z,=2z =a-bi
-2Y3 < 2\3 p(x) = (x — (a+ bi) (X — (a—bi))
‘ 4.B ‘ =x°- x((a+bi)+ (a—bi))+ (a+ bi)(a—bi)

‘4i‘x‘3i‘ 2 ‘4ix3i‘ :x2—2ax+(a2+b2)

4x3 2 ‘_12‘ Therefore, if z, = z, then the coefficients of p(x)
12 = 19 are real, and if the coefficients of p(x) are real
— then z, =z,.
Counterexample: 1+i, -1-i—>x*-2i

(disproves all incorrect answers)

| 6.B |

ol ff o]
W el

64><w/_ 37r 11z 72) .
—+———|=32cis(37)=—
T2 6 3 (37)
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17.C | 9. A
rei@_ﬁ\/__l z=a+3i
r_4e4|9 1 22=a2—9+6ai

r4e*? 1C|s(7z+ 27zk)

r4e4|6’ 1e|7r+27zk

r=1
40 =7+ 27k
0="1+2k

42
reigzel[j+”ka+£+£i

T2 72
[ab] - 2| 2] 1
T2 ) 2) 2

8. C |

re'’ 6—2i/3

el = 4«/§CI{— + 27sz

50:%+27zk

Tr+127K
30

9:

7 197 31r 43x 55«

o="", =~

30" 30" 30 30

T 1972 317z 437r 5572 31x

+
30 30 30 30 30

z®=a’-27a+i(9a° -27)
Re(z))=a*-9
Im(z%) =9a*-27
a’-9=9a’-27

, 18

a’=—
8

Re(a|=ld= |-

2

| 10. B

3 -3

S COIRE

11 C |

. 3+/3cis(60°)
I 33 s =335 =33 = 34/3cis(60°)
1 2 33, _3w/_(‘/_ |J—3x/_cus(30°)

gk sl

= 3+/3cis(60°)
L= =1V Il
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12. C | |15. B
—b+4/b%-4ac (2i—9)z:n+0i
X= ’a (2i-9)(a+bi)=n+0i
—b+ [b2_4ac —b—\/b2—4aC \/b2—4aC —9a—2b+i(2a—9b):n+0i
Xp— X, = 2a - 2a - a 2a-9b=0
9
Jo? —2ac /@) —4Q)(i3 a=>2
4ac \/( ) ()( ) W 2
—9a-2b=n
b
‘—4+4i«/§‘ 8—1 £| —(8cs—j =242 g(ng 2b=n
2 3 2
—85b =2n
113. A 6. cC
4| _1 O 4Z—3i2=10+ 3'
—D)*le 3 1 4(a+bi)—3i(a—bi)=10+ 3i
32
_5| | _2| 4a—3b+|(—3a+4b)=10+ 3|

=—[(24 +5i+0)— (0-4 +12i)] 4a-3b=10 -3a+4b=3

28— 7i]=—-28+7i o 410
=—[28-7i]=-28+Ti 3 4| 4049 3 3| 12430
det(A) =a,C; ‘4 —3‘ 16-9 ‘4 —3‘ 16-9
det(A) =a,,C,, 3 4 -3 4
det(A) = (1)(—28+ 7i) =—28 + 7i a-b=7-6=1
| 14. B |

117. D

If f(x) has only real coefficients, then for

any root with a non-zero imaginary

component, the conjugate of that root must ) -
also be a solution to f(x)=0. Re((’“‘ yi)+ (x=yi) ):2

Re(x+ yi+x* -y —2xyi)=2
F (%) = (x—(=3i) (x = (3i) (x — (5+ 2i) \x - (5-2i)) XP 4 X—y?=2

=(x2+9Xx2—10x+29) (H%jz_yz _%

=x*—-10x>+38x> —90x + 261

Let z=X+Vi

(x+1) _y_2:1
a+b+c+d+e=1-10+38-90+261=200 % %
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[18. A | |20 ¢
1—i:\/§cis(—£) Fory =2, 2
4 (Bx +27)2) ~8x° +4=31
‘/_C'S( ) V3+iv3 32x° +108-8x°+4 =31
B 8l 2r
. 77 .| = =
Z{ﬁm 4 }{ 6C|{4ﬂ 4x/_0|s(0) . 324 97 8
(1—i)+(\/§+iw/§) (l+\/_)+|( 1+\/_) (re )=—§
~1++/3 8.3
arctan( n v_]_arctan(Z 73 )—15° __16__2
e3|9 — e|(7r+27zk)
ccos(15%) =1+4/3 0 s 2k
w/E—w/E} 9
o (“Iif+ j ¢ “/_L/l j[f )03tk
c:(1+V§XV§—ﬁ): 2 X=§Cisz, ECiS;z, §CI55—7[
4+/3cis(0) 2 f/_ 2 2 j_
AN3A0) _p e 3 3W/3. 3 3 33
\/_CIS(15°) 2oe R Tl aral
|21 A
119. A |
(a-+bi)’ =9 40i
(6 J(Z GRS A0} a? — b7 + 2abi =9 — 40i
I%6 . v a’-b?=9  2ab=-40
=52 0 a2=9+b?>  by9+b?=
=-84ix* b?(0+b”)= 400

b* +9b*-400=0

(b* —16)(b* +25)=0

b={t4,#5i}, b<0 —» b=-4
a®=9+(-4)*=25
a=15a>0 —» a=5
a+b=5+(-4)=1
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22. A

Because g(x) is a 6t degree polynomial,
there are 6 complex roots of g(x). Iis
therefore true.

By Descartes’ rule of signs, there are either 3

or 1 positive real roots and either 3 or 1
negative real roots. The chart below shows
all possible combinations of the nature of

the roots:
Positive Negative Total Total Complex
Real Real Real with Imaginary
Roots Roots Roots Component
3 3 6 0
3 1 4 2
1 3 4 2
1 1 2 4

Therefore, II cannot be true, III cannot be

true, and IV cannot be true.

23. D was changed to E at the convention by the

resolution center.

If z, =2 and z, = 4e"",

\2e‘”+4ei” 2 \2ei”+\4ei”
\6ei” 2 2+4
6 =6

|z, + z,| can be equal to [z,] +|z,|-
Therefore, | is false.

re' : :

1 _ ig| . ig
7| = el [re”]

re

h i .

L@ =+,

r-2

h _ &

r2 r2

Therefore, 1l is true.

o —ashi 7—c
(@+bi)—(c+di) 2 (a+hi)+(c+di)
(@a—c)+(b-d)i _?2_ (a—bi)+(c—di)
(@-c)-(b—-d)i _?2_ (a+c)+(-b—d)i
(@-c)+(-b+d)i = (a+c)+(-b-d)
Therefore, 11 is false.

z,=c+di

(a+bi)a-bi) _2_|@+bi)
(\/a2 + bz)2

a’+b* = a’+b’
Therefore, 1V is true.

a’+b* ?
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| 24. C

127. A

By DeMoivre’s Theorem, for z = r(cosé+isino),

2" = r”(cosn0+ isin nH) Therefore,

ol -ejolr 5wl

27
3

)

| 25. B
f(x)zle—x
[ M/_J: 1
2 (1—i\/_J2 [1 n/_]
2
[1—i«/§ B 1
2 ) (—2-2i43 i3
EH
[1—i«/§ 2,
2 -2
| 26. A

If point 5 is located at re"

27zk<<9<§+ 27K, the reciprocal of point 5 is

1 .
equal to =e"’. Since r>1,
r

27K <9<§+27zk,

Therefore, the reciprocal of point 5 must be
inside the unit circle in the quadrant IV, and the
only point that satisfies this criteria is point 4.

where r>1 and

1 .
~—<1; and since

—2ﬂk>—9>—§—2ﬂk.

4-4 2 4

= [(4- 2)a- 2)-3-2)-8-8]

—[-16(1- 2)- (4 - )+ 4(-3- 2)]

= [(—12+11,1+ 22— /13)—16]
+ [16—16l+ 4-+12+ 42]

=L +2¥-22+4
=-1(A-2)-2(1-2)
=—(#+2)1-2)
A==2i, 2
A=a+0bi=0+2i
A, =a,-bi=0-2i
|a1+a2|_|0+0|_‘9‘_
b+b| [2+2] |4

| 28. A

Z=2i=2e"
V :8ei50°
V=IZ

\ 8™

| = =4
Z 2eI90

129. A

Puag =2 V| fe0s
- %‘Se‘f’o" H4e“4°°‘cos(50 — (-40))
- %(8)(4)005(90)
1
=5 ®)(4)X0)

=0
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30. B

Z=3\3-3i =66

I — 3ei25°

V=IZ

V = (3ei25° X6e—i30° ): 18e—i5°
1

Py = E[\/||I|cos¢

_ %\weis" |36 cos((-5) - 25)
=%(18)(3)cos(—30)
Loy 2

2743
2



