Alpha Matrices and Vectors Solutions


MA National Convention 2010


The following were changed at the resolution center at the convention: 29 E
1) D
[image: image1.png]u-v=02)(-3)+ (-2 + (DR) = -8




2) B

This is the rotation matrix in three-dimension about the x-axis. As such, the inverse for gamma = 30o is simply the rotation matrix for gamma = -30o

3) C

Carrying out the matrix multiplication leads to: [image: image3.png]12 19 15
34 51 41

27 37 36.




4) A

Using your favorite system solving technique, the answer is (4,6,2)

5) D

Every one of the multiplications is defined. 

6) E

The magnitude is [image: image5.png]42 + (—1)2 + (9)2 =98




7) A

Calculating the cross product in your favorite way will yield [image: image7.png]< —24,7,13 >




8) B
Plugging x = 1 will yield the sum of the coefficients. This leads to a determinant of 

[image: image8.png]|2 %)|=-19




9) C
All of these are properties of orthogonal matrices.The last two are a result of all rows (and columns) being orthonomral to each other. 

10) A
The trace is the sum of the diagonal entries. This is equal to 18.

11) B

A skew symmetric matrix is one in which A = -AT; therefore, matrices A and C are skew symmetric.
12) A
We can write [image: image10.png]|v||ulsin 6



 Where [image: image12.png]


is the angle between u and v. Thus, it is clear to maximize the magnitude, [image: image14.png]8 = 90°.



 Therefore, the dot product of u and v must be equal to 0. 
13) C

Vectors that are perpendicular are parallel to a vector that consists of the coefficients of the equation of the plane. Thus, [image: image16.png]< 15,—25,10 >



 is a perpendicular vector. 

14) A
I is true, but II is not. 
15) C
If it is linearly independent, the determinant cannot be equal to 0. M will be full rank if it is a set of linearly independent vectors. A set of n-dimensional linearly independent vectors must have n elements, and thus, the matrix must be square. 
16) D
b x c = < -14     5     3>.  a * < -14     5     3> = 48
17) C
A is a triangular matrix. Triangular matrices’ determinants are simply the product of the diagonals. That is equal to -24.

18) A
Using your favorite techniques to find the inverse, A-1 =[image: image18.png]


. The sum of the elements is then 2/15.

19) E
The vectors must be divided by their magnitude of sqrt(70). Clearly, none of them are unit vectors as a result.
20) B
I) Let x = [image: image20.png](;)



. Then [image: image22.png]Tar= () () =2+



. This value is always greater than 0, and thus, A is positive definite.
II) Consider when x = [image: image24.png])



. Then [image: image26.png]


 and thus not positive definite.

So only I is positive definite and thus B. 

21) D
From the definition presented, only III has the property of a linear transformation.
22) E
After performing the algebra, p(A) =[image: image28.png]& 2



. Thus, the sum of the entries is clearly 48.
23) C
[image: image29.png]& =C 306)




[image: image30.png]- a=2x +4y




[image: image31.png]b=x+7y




Substitute a = 4a’
[image: image32.png]



[image: image33.png]b=x+7y




Substitute x = 4x’

[image: image34.png]—a =2x"+y




[image: image35.png]b=4x"+ 7y




Putting back into matrix form:

[image: image36.png]@)= 3(%)




So C.

24) A
Since the elements are the first 9 natural numbers in order, a common trick tells us that the determinant equals 0. This can be easily proven using elementary row operations and the fact that if a determinant that has two rows or columns that are the same, the determinant will be equal to 0. 
25) B
The eigenvalues are equal to ( -1, -1, 8). This can be obtained by solving the eigenvalue problem. This results in a characteristic polynomial of 
[image: image37.png]-2 +61*+151+8




We see that there is only 1 unique negative eigvenvalue.
26) E
As shown in question 14, the determinant of the product of matrices is equal to the product of the determinants of each matrix. From this, we can conclude that A must have a determinant equal to 0. It is clear that each of these choices does not have a determinant equal to 0, and thus, none of them can be nilpotent. 
27) B
The equation leads to [image: image39.png]0



, which has all real roots. Thus, the sum is just 0.
28) D
To do this, we multiply the vector by the rotation matrix at 30o. This is  [image: image41.png]MR



. This 
leads to u’ = (2[image: image43.png]2V3).



 Thus the sum is equal to [image: image45.png]


 Therefore, a + b + c = 12. 
29) D
The scalar projection u onto v is equal to [image: image47.png]


. This is equal to 323/13. Thus, 323 + 25 = 336. 
30) B
Since one of the vertices is at the origin, the volume will be equal to 1/6 of the absolute value of the determinant that consists of the other vertices. That is.
[image: image48.png]




