Matrices and Vectors – Alpha



MA National Convention 2010


If not explicitly stated, choice (e) is None of the above choices (NOTA). Also, unless explicitly stated, it is assumed that all matrix multiplications consist of matrices of appropriate dimensions so that the product exists. Also, assume all matrices are square when taking determinants. 
1. If [image: image2.png]u=2i—4j+k



 and v[image: image4.png]3i+2j + 2k



, then calculate  [image: image6.png]


.

(a) 12
(b) 8

(c) –8 

(d) – 12 
(e) NOTA

2. What is the inverse of

[image: image7.png]cosy siny 0O
siny cosy 0
0 0 1
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(e) NOTA
3. Compute the multiplication [image: image19.png]i
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(a) [image: image21.png]12 19 17
34 51 21

27 13 35





(b) [image: image23.png]12 19 17
31 50 21

27 34 135




(c) [image: image25.png]34 51 41

[12 19 15]
27 37 36




(d) [image: image27.png]6 19 15
31 51 41

17 37 3




(e)NOTA


4. Solve for (
[image: image28.wmf],,

xyz

):
[image: image29.png]3x +4y + 2z





[image: image30.png]x—2y+9z= 10




[image: image31.png]2x + 5y — 7z = 24




(a) (4,6, 2)

(b) (2,3,11)

(c) (0, 2, 16) 

(d) (4,5,4)
(e) NOTA

5.  Let A be a 
[image: image32.wmf]32

´

 matrix and let B be a 
[image: image33.wmf]23

´

 matrix.  How many of the following products are 

       defined?


I.  [image: image35.png]




II.  [image: image37.png]BA





III.  [image: image39.png]BTB





IV.  [image: image41.png]AT AB.
BT




A.  1

B.  2

C.  3

D.  4

E.  NOTA

6.  What is the magnitude of the following vector:  [image: image43.png]



A.  96

B.  98

C.  7

D.  49

E.  NOTA

7.  Calculate the cross product,  [image: image45.png]u X v,



of u = < 3, 1, 5> and v = < 2,5,1>.

A.  [image: image47.png]< —24,7,13 >




B.  [image: image49.png]< 24,—7,-13 >





C.  [image: image51.png]< —12,5,8 >






D.  [image: image53.png]< 12,—






E.  NOTA

8.  Consider the following matrix:  A = [image: image55.png][x2+3x—z x*—-2x"+3x+3
x*+4x 3x




What is the sum of the coefficients of the polynomial that results from |A|?

A.  -26

B.  -19

C.  -14

D.  -13

E.  NOTA

9. A matrix A is orthogonal if [image: image57.png]AT

Al



 .  Which of the following must be true of A?
I. All columns are unit vectors

II. All rows contain vectors that are perpendicular to each other

A.  I only
B.  II only
C.  I,II

D.  None
E.  NOTA

10. What is the trace of the matrix, [image: image59.png]0w
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A.  18

B.  22

C.  
[image: image60.wmf]-

400

D.  400

E.  NOTA

11. How many of the following matrices are skew-symmetric, a matrix that has the property A = -AT ?
[image: image61.png]-1
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A.  0

B.  2

C.  3

D.  4
E.  NOTA
12.  Consider two non-parallel vectors of length 6 and 10 respectively. The components of the two vectors are chosen  in such a way that the magnitude of the cross products is maximized. What must be the value of the dot product of the two vectors?
A.  0

B.  30

C.  60

D.  Not Enough Information
E.  NOTA


13. Which of the following vectors is perpendicular to the plane:  3x – 5y + 2z = 12?

A.  [image: image63.png]<5,3,0>





B.  [image: image65.png]<3,5-2>




C.  [image: image67.png]< 15,—25,10 >




D.  [image: image69.png]< —5,3,0 >




E.  NOTA
14. Which of the following are true?
I. |AB| =|A||B|

II. (AB)-1 = A-1B-1
A) I only

B) II only

C) I, II

D) None 
E) NOTA
15.  A set of n linearly independent vectors are put into a matrix, where n is the number of components of the vector. Which of the following CANNOT be true of this matrix?

I. |M| = 0

II. M is full rank

III. It is possible for M to not be square.

A) I 
B) I, II

 C) I, III 
D) II, III
E) NOTA
16.  Let a = < 1, 7, 9 >, b = < 3, 6, 4 >, and c = < 2, 5, 1>. Calculate the triple scalar product:
[image: image70.png]a-(bxc




A) 5
B) 12

C) 24
 
D) 48
 
E) NOTA

17.  What is the determinant of the following matrix?
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A) 326 

B) 4

 C) -24 

D) 429

E) NOTA

18.  Find the sum of the elements of the inverse of the matrix A =   [image: image73.png]


   

A) [image: image75.png]




B)[image: image77.png]




 C) [image: image79.png]




D) 1
E) NOTA

19.  Find a unit vector in the direction of  [image: image81.png]v =5i + 3k — 6k



 
A) [image: image83.png]


 
B)[image: image85.png]


 
 C) [image: image87.png]





D) [image: image89.png]<1i-%>





E) NOTA

20.  A real “positive definite” matrix, A, with dimensions n by n has the following property

[image: image90.png]xTAx >0




This must be true for all real non-zero n-dimensional vectors x. A must also be symmetric. Which of the following are positive definite?

I) [image: image92.png]



II) [image: image94.png]a=[7 1]




A) All of them

B) I

C) II

D) None 
E) NOTA
21. Matrices and vectors are fundamental tools of Linear Algebra which is essentially the study of linear 

transformations. A linear transformation, f,  is a transformation or function with the following 
properties:

I) [image: image96.png]fx+y) = f(x)+ f(y)




II) [image: image98.png]



Where x and y are in elements in the domain of  f and a is a real number.  Which of the following are linear transformations?

I) For all real numbers x, [image: image100.png]f(x)= 3x+4




II) For all complex numbers x,[image: image102.png]f(x)= x?—4x+15




III) For all complex numbers x,[image: image104.png]f(x)= 3x




A) All

B)[image: image106.png]


 I, II

 C) I, III
D) III

E) NOTA

22. Let [image: image108.png]


be a polynomial of a matrix A..  Define p and A, such that          

[image: image109.png]p(A) = A* + 24




[image: image110.png]a=[; 7




What are the sum of the entries of [image: image112.png]


?

A) 10

B)[image: image114.png]


15
 
C) 40

D) 60


E) NOTA

23.  Consider the following matrix equation:
[image: image115.png]& =C 306)




Now make the following substitution [image: image117.png]a = 4a,



 and [image: image119.png]x = 4x



. This leads to the following equation:
[image: image120.png]B =4()




What is A?

A) [image: image122.png]27





B) [image: image124.png]27




 
C) [image: image126.png]-




D) [image: image128.png]|
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E) NOTA

24.  Find the determinant of:

[image: image129.png]



A) 0

B) 12
 
C) 153

D) 6
E) NOTA

25.  An eigenvalue, [image: image131.png]


 is a root to the polynomial formed after computing the following matrix operation:
[image: image132.png]|A— A1

0




Where I is the identity matrix. Given that:

[image: image133.png]



How many unique negative eigenvalues does A have?
A) 0

B) 1

C) 2

D) 3
E) NOTA
26. Which of the following are nilpotent matrices (a nilpotent matrix has the property that [image: image135.png]


 for some value of k, and 0 is the zero matrix of appropriate dimension). 
A) [image: image137.png][2 9]





B) [image: image139.png][2 9]





C) [image: image141.png]I





D) [image: image143.png]N




E) NOTA

27.  What is the sum of the real roots of the equation: [image: image145.png]


 ?
A) [image: image147.png]




B)[image: image149.png]




 C) 1

D) 1.75

E) NOTA
28. Given that u = <4,9>. The sum of the components of the vector that is produced after rotating u about the origin 30o clockwise can be written in the form [image: image151.png]a+ byc



. What is a + b + c?
A) 5

B)[image: image153.png]




 C) 9

D) 12

E) NOTA

29. The scalar projection of v = <5,12> onto u = <7,24> can be written in the form of  [image: image155.png]YU



 where the fraction has been completely reduced. Determine a + b.
A) [image: image157.png]




B)[image: image159.png]100





 C) 336

D) 3

E) NOTA

30. What is the volume of the tetrahedron with vertices (0,0,0), (1,1,1), (4,5,1), (5,9,2)?
A) [image: image161.png]




B) [image: image163.png]




 C) 6

D) 9

E) NOTA
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