Alpha Polynomials & Rational Functions 2011 MA® National Convention

Answers:
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Solutions:

1. 9(2)=2f(1)+3=2(3-4+1)+3=2(0)+3=3

2. 3x—2=2x*—x—-5=0=2x%—4x-3, so the sum of the x-coordinates is —_74 =2.

Since both points lie on f, the sum of the y-coordinates is 3-2—2-2=2. Therefore,

the sum of all coordinates is 2+2=4.

3. For the original case, the number of positive zeros is the number of sign changes of
the function, which is 3, and since there are four zeros total and the function has real
coefficients, the other zero would be negative. The only other case for the zeros is 1
positive, 1 negative, and 2 imaginary.

4. 2x° —11x*+11x-3= (2)(—1)()(2 —5x +3), so the zeros are

5+413

2

% or Si\/225—12

-(-4)

. . . 1
5. The minimum value occurs at the vertex, which has x-coordinate W = E .

Plugging that value in, the minimum value is 4(%)2 — 4(%) -3=1-2-3=—4.

6. Squaring the first equation and substituting the second gives Y % Squaring the

X

2 2
second equation gives y4+i4+2y—2:9:>y4+i4:9—2 1 =£.
X X X 2 2

7. Simplifying gives g(x)= X 7o find the inverse, x = by 2xy—x=4y
2x-1 2y—-1
X
=>x=y(2x-4)=>y= .
y( ) Y 2x—-4
8. To get points on k, shift points on g 1 to the right and 3 down. Therefore, the

translation of the given pointis (—1+1,2—3)=(0,-1).

0. g(5)=y 2 =z5)1-1- 11 11
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10. (4](2x)4 (—1)3 =-35.16x"*, so the coefficient is —560

11.  The other imaginary zero is 2i, so the polynomial with the imaginary zeros is x* +4.
The other irrational zero is 2+ «/57, so the polynomial with the irrational zeros is
x*—4x+1. Therefore, f(x)= (xz + 4)(x2 —4x+ 1) =x*—4x> +5x* —16x + 4, making
a+b+c+d=—-4+5-16+4=-11.

X*—2x—4 (x-2)(x*+2x+2
12 g(x): xX—2 - (x—2 )

x =2. Therefore, the graph behaves justas y=x*+2x+2, just without a point

, so the graph has a hole, not an asymptote, at

where x =2, meaning there are no asymptotes of the graph.

2 1 x*-4x+1
X oAx+s . The zeros of the numerator are Zi«@, so making a

13. 0>1- =
x-1 x x(x—l)

sign chart with those two numbers, 0, and 1, the regions that are zero or negative

are (0,2—J§JU(1,2+J§}.

14.  The list of possible rational roots include all numbers with a divisor of 4 in the
numerator and a divisor of 24 in the denominator. Since 1 and 2 are divisors of 4
and 3, 4, and 6 are divisors of 24, all four choices are possible rational roots.

15.  Let f(x)=ax*+bx+c. Then 4=4a+2b+c, —1=9a—3b+c, and 5=16a—4b+c.

Subtracting the second equation from the first gives 5=-5a+5b=>1=—-a+b.
Subtracting the second equation from the third gives 6 =7a—b. Adding these last

two equations together gives 7=6a=a= % =b= 1% =c=-5,s0 f(0)=-5.

16 3( X )_ x? _3X(X+1)—2X2(2X—1)_—4x3+5x2+3x
' x+1

2x-1 o (2x-1)(x+1) 2% +x-1

17, f(x)=4x*+8x* +9=4x" +12x" +9—4x" =(2x* +3)2 _4x>
= (ZXZ +2x +3)(2X2 —2x +3), so the zeros of f are the zeros of either polynomial.

+2+/4-24 +2+25i +1+./5i
4 .

4 2

The zeros of the two polynomials are

18. f(g(—a)):f(—a—l):(—a—l)z+2:a2+2a+3,and g(f(a)):g(a2+2):a2+1.
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19.

20.

21.

22.

23.

24,

25.

26.

a+2a+3=d*+1=2a=—"2=a=-1

The two inequalities intersect at the two points (—% ,%) and (%,1%), forming a

quadrilateral region with the two graphs’ vertices, (1,5) and (—%,0). Using the

Shoelace method, the area of the enclosed region is:
1 5

5|5 134 %

A AN 1 1(41) 41

0 ; AN AR A R

3 3
% 1 5 _2%
1% _3%

Using Descartes’ Rule of Signs, the initial case has 4 positive and 1 negative roots.

The least real zeros could be 0 positive and 1 negative, making for 4 imaginary
roots.

Since f(2)=0, 8a-8b—2=0=a—b=1/. Since f(-3)=1, 18a+12b-2=1

=3a+2b= % . Adding twice the first equation from the second gives 5a=1

:a:%:b:—lzo. Therefore, 2a—3b:2(%)—3(—%0):%+%0:1120.

x> +2xy +2y° —10y+3:(x+y)2 +(y—5)2—22,which has a minimum value of —22.

The sum of terms with x are x* [(ijs(—z)“]—x&gxﬁ(—2)3}4([2}7(—2)2}

= (2016+ 672 +576)x7 =3264x’, so the coefficient is 3264.

—2x+1<3x* —4x+1=0<3x" -2x= x(3x — 2) . Making a sign chart with the

numbers 0 and y , the nonnegative parts correspond to (—oo,O] u[%,oo).

f(3)=3f(2)-f(1)=3-},-1=0
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27.

28.

29.

30.

f(#)=3/(3)-£(2)=3-0-14 =14
£(5)=3f(4)-£(3)=3(~14)-0-—1
£(6)=3£(5)- £(4)=3(-1)-(-¥4)=-84
£(7)=3£(6)-£(5)=3(-84)~(-1) =7

3(x+2)2—2=f(x+2)=g(x)=h(x)=g(x—1)=f(x+1)=3(x+1)2—2, S0 (x+2)2
:(x+1)2 :>x2+4x+4:x2+2x+1:2x:—3:>x:—%

The intersection of the line perpendicular to y =2x+3 through the point (1,3) with

the line y=2x+3 is the sought point. The perpendicular line has equation

1 7 1 7 5 1 1 o . .
y=—5x+—,so 2x+3:——x+5:>5x:5:>x:g. Plugging into either line

equation gives y = 1?7, so the point is (y,l%)

Let a=x—3and b=x+4. Then the equation becomes a* +b’ :(a+b)3
=a’ +b’ +3ab(a+b)=3ab(a+b)=0=>x—-3=0orx+4=0 or 2x+1=0, making the

solutions to the equation x=3, —4, or —% , the least of which is —4.

3 3 1 1 5001 1 1
"2—3”2:(1'—1)(1'—2):3(1'—2_1'—1)’50 f(so)zggﬁ‘ﬁjzg(l_zﬁ]

:3(4%9):14449




