Alpha Matrices & Vectors 2011 MA® National Convention

Answers:
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15.D
16.A
17.B
18.B
19.A
20.B
21.B
22.B
23.B
24.C
25.C
26.D
27.A
28.A
29.C
30.E
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Solutions:

. 6 7] [5 2|1 47 [6 7] [5-4 20+2]| [6 7] [1 22] [5 -15
|2 1] |3 42 -1 [2 1] |3+8 12-4] |2 1] |11 8] |-9 -7
12-22+24 4+77+36 4+88+30

1
8|=| 21-8+8 7+28+12 7+32+10
5 24+6+36 8-21+54 8-24+45

a b ¢ 4 11 6][3 1
2. d e f|=|7 4 2|27
g h i| |8 -3 9]|4 6

14 117 122
=121 47 49 |,so b—a—-e—-i=117-14-47-29=27
66 41 29

3. The area would be the magnitude of their cross product. The cross product is

i
uxv=3 2

1 4

~18i ~13j - 14k, so the magnitude is /18 +(~13)’ +(~14)

[S2 B NS

=/324+169+196 =689 .

4, The vectors are perpendicular is their dot productis 0. O=u-v= (egé) — (e" )2
)% 2
—2(8 2) +2=e% —e* —2¢* +2:(e" —1)(9" —\/5)(9" +\/§):x:0 orx=In+2, so
the sum of the solutions is ln«/z.

5. Both transposing and finding the inverse of products reverse the order of the

corresponding matrices. Therefore, ((AB)T )1 = (BTAT )_1 = (AT )_1 (BT )_1 .

6.  The magnitude of the vector is /82 +(~6)’ =/64+36 =+/100 =10, so the unit

vector (has magnitude 1) is E,_—6 = f,—§ .
10 10 5 5
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10.

11.

12.

2 5 -3
The coefficient determinantis |5 -1 2(=2+10-30-3-8+25=-4,s0 by
1 2 -1
8 5 -3
3 -1 2
) . 6 2 -1 8+60-18-18-32+15 15
Cramer’s Rule, the solution is x = = =——,
-4 -4 4
2 8 -3 2 5 8
5 3 2 5 -1 3
1 6 -1 —-6+16-90+9-24+40 55 1 2 6
y= = =—,and z=———
-4 -4 4 -4
-12+15+80+8-12-150 71 L 15 55 71
= =—. So the solutionis | ——,—,— |.
—4 4 4 4 4

The determinant must be 0 for the matrix to be singular. Since in the matrix for
choice A the second column multiplied by 2 equals the third column, that matrix has
a determinant of 0.

-2 3 4 -1 68 -17 1|68 -17| 1 -3
5 1 6 5 102 85 -17/102 85 ||-5 -2

[-4 11 -3] [-4-5 12-27 [-9 10
|6 —5|-5 —2| |-6+25 18+10| |19 28

@ satisfies cos@ = <3'1'_4>.<2'_1'5> - 6-1-20 ___15
otz o5 Prisielaizs | w0’
2
so tan’@—1=sec’0—-2= _N780 _2=780—450=330=§
15 225 225 15

A plane would be perpendicular to the given plane if their normal vectors were also
perpendicular, meaning their dot product is 0. The normal vector’s components are
the coefficients of the variables, so if A, B, and C are the coefficients of x, y, and z,

respectively, in the sought plane, then 0= <4,—3,2> . <A, B,C> =4A—-3B+2C. The only

plane of those given that satisfies this equation is choice C.

The trace is the sum of the entries on the main diagonal, so the trace is In5—In3

+é* zln% +Ine” :lnSe% )
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2 -3 0 -2
-1 1 1 3 1 1 3 -1 1
3 -1 1 1

13. =21 -1 0+3]-2 -1 0+2}-2 1 —1=2(2+0+1+3—0

-2 1 -1
3 1 2 (0 1 2 |0 3 1
0o 3 1 2

—2)+3(-6+0-2-0-0+4)+2(3+0-6-0+9-2)=8-12+8=4

14. This matrix satisfies A=—A", which is the definition of skew-symmetric. Itisn’t
invertible since its determinant is 0; it isn’t symmetric since a,, # a,,. Radial doesn’t

apply.

15. 0 :(x2 —4)(x +3)-2(x+2)= (x+2)(x2 +X —8), and since the discriminant of the

quadratic is positive, all three solutions are real. The product of the two in the
quadratic is -8, so the product of all three is (-8)(-2)=16.

16. The magnitudes of the two vectors, which represent the length of two of the edges of
the prism, are 8 and 4, and since the volume of the prism is 64, the other length

must be 2. Therefore, the longest diagonal has length /2> +4° +8° =4+ 16+ 64

= /84 =221.

-~ a-b- -18-10 7 21 7
17. roj-a= b= -6,2)=——(—6,2)=(—,—=
p ]b —112 (—6)2+22< > < > < >

18.  +/sin?23" +sin?42 +sin?48° +sin’67" =+/sin?23" +sin?42° +cos? 42’ +cos? 23’

_1=\2

—

i j k
19. axb=[0 0 -3|=6i,which points in the positive x-axis direction
0 2 0
cos2x -1 . ) i
20. o =Ccos2x +isin2x =cis2x=e
isin2x 1
2 0 o™ 100
21. 0 2 0| =2*"0 1 0|=2""1]
0 0 2 0 01
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2 -1 7
22. Z:-(BXE)zo 2 —1|=20+4+0-56-6-0=-38
4 -3 5
’a 108 417 [10723 24 [10831 65
" 624 393| | 21.8 96.1| | 842 1354

24.  Transposing a matrix doesn’t change its determinant, so the answer is 36.

i 1 5 -2 115 -2 4, 1 (3 -4 1|3 -4
25. A =—— =—— and B~ = =— , SO
-15-14|-7 -3 29|-7 -3 18+8|2 6| 26/2 6
Alp - 1)1 5 2|3 4 1 15-4 -20-12 1 11 -32
29 \26)|-7 -3||2 6 754| -21-6 28-18 754|-27 10
26.  The rotation matrix for counterclockwise rotation through angle @ is
Y -V
2 2
B/ 1
% %

{cos ¢ -—sind@

. , so for 607, the matrix is
sind cosd

27. 62 +(~4) +3' =\36+16+9 =61

28.  |AB|=|4||B|=(x+6)(8+x), which when considered as a parabola opening upward,

has zeros of —8 and —6. Therefore, the vertex occurs when x =-7, and the
minimum value is (-7+6)(8—-7)=-1.

29. AB is not defined because the number of columns of A is 2 and the number of rows
of B is 3. CB and BC are both defined because ones’ outer and the other’s inner
dimension are the same in both respects. DB is defined because the number of
columns of D and the number of rows of B are both 3. DC is not defined because
the number of columns of D is 3 and the number of rows of C is 2. Therefore, three
of the products are defined.

-3 4
30. Al = 5 1 2 { }, which will only equal A if the scalaris —1. So
—-9—-4x|—x

9-4x=-1=-4x=8=x=-2.



