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D-|-3+4i|=+(-3)2+(4)2=5

2i-1 2i @ i3 i

D-e 2 =ez2 20=¢" 2 =e-e?=e-cis§=e-i

B - The product of all of the roots of f(x) is (—1)° (_Tl) = —1. However, note that
x—1=03-D3E+1D)=x-1D*+x+ 1D(x+ 1)(x?> —x + 1). Since

x?+ x + 1and x? — x + 1 do not have any real roots (since the discriminant of both
polynomials is -3), +1 are the only real roots of f (x). Therefore, the product of the

real roots is -1, so the product of the complex roots is :—1 =1.

D - Let z = a + bi for real numbers a and b. Then —12 + 16i = z? = (a + bi)? =
a? + 2abi + b?%i? = (a® — b?) + 2abi,soa? — b? = —12 = b? = a’ +
12. Additionally, |a| = |Re(z)| = 2, s0 a? = |a|? = 4. Therefore, b> = a?> + 12 =4 +
12 = 16.As aresult, weseethat z-z =
(a + bi)(a—bi) =a? +b? =4+ 16 = 20.
C - Note that f(z) = f(i*z)
= f(i*(i2))
= (iz)? — e + cosh (iz)

elz4eo—iz
2

=i?2% — cos(z) —isin(z) +

= —7z2 — cos(z) — isin(z) + cos(z)

= —z2 —isin(2)

Dol oy L _ 2 240 _ (@-D+@+) _ 4 _ 4
240 2—0 (2+D(2-0)  (=D+)  (2-D(e+i)  22-i2 s
E -a) -iand i are purely imaginary numbers, but (—i)(i) = —i? = 1. Therefore, (a)

is false.

b) For any complex numbers a + bi and ¢ + di, (a + bi) + (¢ + di) = (a+ ¢) +

(b + d)i is a complex number (note thatevenif b+ d =0, (a + ¢) + (b + d)i is still
complex). Therefore, (b) is false.

c) iisacomplex number and i —i = 0 is an integer. Therefore, (c) is false.

d) 0isacomplex number, and |0| = 0. Therefore, (d) is false.
B-Since(1+i)?2=1+2i+i?=2i,1+D)" =[1+)?]°A+i)=Q)>A+1i) =
32i°(1+1i) = 32i° + 32i® = 32i — 32

A cosh? (x) _ sinh? (x) _ (ex+e—x)2 B (ex—e—x)z

2 2

e?*+2+e" ¥ —(e2X-2+e~%%)
4
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10. A - First, note that for any real number z,

le?| = |cosz + isinz| = /(cos z)% + (sinz)? = 1. Therefore, |e

16i3
In 5

16

|Se ' =5|e‘? =5,

e

11.E - i) The absolute value of a complex number is a real number, and all real numbers
are complex. Therefore, (i) is true.
ii) f(—1) =1 # —1 = —f(1), so (ii) is false.
iii) Let z = a + bi. Then f(Z) = f(a — bi) = |a — bi| = Va? + b? = f(2). Since f(z)
is areal number, f(z) = m so f(z) = m Therefore, (iii) is true.
iv) f(i) =1 #i=if(1),so (iv) is false.

12.B - Forn > 4, 4 divides n!, so i™ = 1. Therefore, [[22° i™ = [[3_, i™ [[2%> i™ =

3_MI2U5 1 = 216 = 9 = i,

13. A - Note that Katie’s number is cis (Z) \ZF + \/_L and Zach’s number is cis ( Z) =

g — g i. Graphing this in the Argand plane, it is easy to see that the distance is

2- g = /2 > 1. Alternatively, the distance between two complex numbers a + bi

and ¢ + diis|(a —¢) + (b — d)i], so the distance between Zach and Katie’s numbers

is|(3-3) + (T )il = vl -

2 2
14.D-7' = (e“‘”)i = e'I"7 = ¢is(Inm)

15. A - First, note that (cis 5—”) (cis 27—”) = cis (5—” + 27—”) =cisT = —1.Also, e™ = —1
32 32 32 32

and 16777218 = {2 = —1 since 16777218 has remainder 2 when divided by 4.

cis (5_”) ;16777218
32 . 5w 27T i .
) oy | = (c155) (c1s vy ) — '™ (16777218 — 1 — 1 = -2,
e cis (—)
32

Therefore,

16.B - Notethat|—1+i|? = |1 —i|? = |\/§|2 = 2. Therefore, the points all lie on the
circle |z|? = 2, which has area 2.

17.E - The roots of x* — 1 are i and +1. Viewing this in the Argand plane, we see that

it is a square with side length v2 (the Argand plane is constructed with the real line

as the x-axis and the purely imaginary numbers listed on the y-axis).

2015 .4.22013 . 2013 2013
18.D - Since 22015 = 4. 22013 ;277" — 42777 — (j49)277° = 1277 =1,

19. B - By the definition of 6,
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_p ([_a +c b+d )
(b+d) a+c
=(a+c)+ B+d)i
= (a + bi) + (c + di)

=o([5, aD+ellsy €D

20. C - By the definition of ¢,

o(a+ b)o(c+di) = [_ab Z] [_Cd Ccl]

_ ac — bd ad+bc]
—bc—ad —bd+ ac

_[ ac=bd  ad+ bc
~ [—(ad +bc) ac—bd

= (p((ac —bd) + (ad + bc)i)

= (p((a + bi)(c + di))
21.E - 1) By the definitions of ¢ and 6,

1) (6 ([—ab Z])) = @(a+ bi) = [—ab Z] Therefore, (i) is true.
ii) By the definitions of ¢ and 6,

8(p(a+bi)) =6 (:—ab ZD = a + bi. Therefore, (ii) is true.

iii) Suppose @(a + bi) = @(c + di). By the definition of ¢, this means that
[ a b]_ [ c d
—-b a —-d c!

a = c and b = d. Therefore, (iii) is true.

N 7 \\Sieroi
22.0- T2 (eis (5555)) = (eis (35))

2015(2016)

S
- (as (2 )

= cis(2008m)
=1
23.B - Since log, (log;(x)) = 2,log; x = 22 = 4,s0 x = 3* = 81. Therefore,

. Therefore, setting the elements of the matrix equal, we see that

i81 = i4(20)+1 =i
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24. A - First, note that we can the sum is equivalenttoes - (1 +e~"2 4+ ¢212 4 ...),

Therefore, we will first find the sum 1 + e~'"2 4+ ¢=2In2 4 ... Note that for any

integer j, e /"2 = (¢!"2)™) = 2/ Therefore,

1+e M2 22 ... —14271 4272 4. = ﬁ = 2. Therefore, the original

T2

‘Ei)= 1+ 3.

sum equals Zei?n =2 cisg =2 G +
25.B - Note that |z — 30 + 40i| = 10 is the graph of a circle with radius 10 in the
Argand plane. To see this, let z = x + yi, where x and y are real numbers. Then
|z — 30 + 40i| =10
& |x + yi — 30+ 40i] =10

& |(x —30) + (y + 40)i| = 10

& J(x—30)2 + (y +40)2 =10
& (x —30)% + (y + 40)? = 100

Therefore, the area inside the circle is 100m.
in i im\ ! i’m 4
26.C-Sinceez = cisg =iit= <e7> =ez2 =e¢ 2,
27.B - ¢(a,b)p(c,d) = (a + biv5)(c + diV5)
= ac + bcivV5 + adivV5 + bdiz(\/g)2
= (ac — 5bd) + (bc + ad)iv/5

= @(ac — 5bd, bc + ad)

6
28.B - A sixth root of unity is a root of x® — 1. Note that% - \/; | = cis 5?”, o) G — ?l) —
6
1= (ciss—”) —-1= cis(6-5—n) —1=cislOr—1=1-1= O.Therefore,l—ﬁiis
3 3 2 2
a sixth root of unity.

29.C - The n'" term of the sequence is log,n 3! = %log2 3¢, which is a harmonic

sequence. Specifically, it is the harmonic sequence %, multiplied by the constant

log, 3t
30.E - Since the absolute value of a complex number is a real number, we only need to

. . . . .72014 E . . .i2014
worry about finding the imaginary part of i*" + ez. Since i?°1* = —1,{'" " =

i

. . . m .:2014 in .. . .
i1 =i3=—i.Also,ez =1i,so it + ez = —i + i = 0. Therefore, the imaginary

partis 0.
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