2012 MAO National Convention Alpha Individual Solutions

ANSWERS: DEBAC BDDAC DCIEE BCDDB BCCCB BCBDC

2x/§

1. On this interval, which is equivalentto< ” <2 | sin/ <0. S0,sin@=—-y1-cos’f =——=

242

Thus, cos#” +L $: %in" =——. D

&2 3
2. Rewrite the quadratic 2(512 +18n +17)+1995. Since35 divides 1995, we need only that 35
divide (n+17)(n+1) . The most simple solutions to find occur when one of the terms is divisible by
35. Letting(n+17) =35 gives n =18, which is smaller than all of the answer choicksfact, the
smallest such value 8=13. E

3. Thereare 73studentdbetween 7 and 81; therefore, tharest also be 78tudentdetweer8l and
7. Six of these are students 1 through 6, whi¢eremaining 6arestudents 82 through 148

4. Using the formulas for the sum and produdhefroots, we hav%)—c :§8, which gives

c ={i,2}. Sincec! !, ¢=2, and ab:i =ﬂ.
3 32) 3
5. We know that\/ will not be invertible ifdet(A/) = 0 Taking the determinant through various
1

methods giveslet(M )= tarf (6)+ ¥ cst0)- sé€p)- 11 KO)- =2 So,mzz,
i
which occurs whersin(/ ) = i% The desired sum |s£+%+%+77f =4r. C

6. One of the angles & right angle, and the other two are complementary. We can choase
B as the acute angles to obtain’ (4)+cos’ (4)+sin’ (90°)=1+1=2. B

7. Square both sides to obtai y+ 2\/x—y = x+Yy, so xy=0. This occurs when eithex=0 or

y=0. However, the domain for both variables is strictly im@gative, so the solution set is two
rays (starting point at the origin for the positiveand y axes). D

8. The multiples of 4 will clearly occur in the second and fourth columns; a bit of investigation
shows that the product of 4 and an odd number, sughi&s=4-503, occur in he fourth. D
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9. Write each argument on the rigtgndside as(40J_r 39) and expand each term using the proper

460 o .
tgucﬁu. Cross multiplication gives

sin (46

addition/subtraction formula and simplify terms to ob

, or coy @+ #4)= co 1@)= ' The smallest positive solution
will occur whenloe:%, sof=2". A

sin(6/ )sin(4/ ) =cos(¢ )cos(4/)
20

10. There are several ways to approach this; one is to considiereaah game, one teanill lose,
and there must be a total 9f —1 losses (since one team will win, and every other team will be

n

eliminated by losing 1 game). This is well known tolbe +4+! +2"" =% 2. C

k=1

11. In the complex plane, these points form a regular hexagon with side length 3. The desired val
is the distance fronx, to x,, which is a diagonal of the hexagon with lengthib.

12. Use the hint to ¢din sin® (x)+ 2sirf (x) co$(x)+ coy x)= silf )9+sin—2(2x)+ cd6 X =

sin” (2x)

1- 1 1
so we can rewrite the fraction as— 2 = _2
sin? (2x) sin’ (2x) 2

€ [1,e0). Thus, the minimum value ! %z —; C

. Sincesin® (2x)! [0,1],

sin” (2x)

13. Drawing a diagram shows that the leraftthe shorter ladder and the distance between the
bases of the ladders must be equal, as they are the congruent sidesostaes triangle with
vertex angle 140 degrees, so the answer is 12.0.

14. Square both sides to obtainsin (26) :f—é. So, sin(2! ) = _196' However, for the solution in
T I | T T
(0, A) which gves 26 =sin (_16} there is &0 second solution nﬁ 44) which will give

20 = ﬂ—sinl(%). Thus, the value 026 is not uniquely determinedE

w7t

o | NEE! 1 1) (1 1) (1 1) ¢
15. The sum ISE 5 =E(7ﬁ)=(I_§)+(E‘§)+(§‘Z)+E =1. E
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16. Since 100 is a multiple of 50, integers hawe $ame remainder with respect to 50. However,
when! | (x} 50, it will not be equal o}, (x), but instead it will beR, (x)+50. All solutions

for x are found in the seI{S,SO]U[lOl,lSO]U[zol,zso]E for a total 0f50(10) =500. B
17. To find solutions, we ség,,(a’ +b?)+log,(ab) = log,s( &)+ log,( a § Note that
log,,(a’b?) = 2(% ]log4 (ab)=log, (ab), so the equation simplifies tlog,, (a®+b*) = log,(a-b).

This is equivalent tc%log4 (a +b*) =log, (a! b), soa’ +b* =(a! b)'= a’ ! 2ab+ b*, so ab=0.

However,ab= 0 because of the domain restriction on the logarithm function. Thus, there are no
solutions to the system, so it is called inconsistént.

S(S+1)
. S(5+1)
18. We haves = | 1% :%, s05 =% ands+1=24, giving S=23. D
n=1

19. The domain o f (x) is the domain off (x), and énce the domain off (3x—6) is [0,6], the
domain of f(x) is [2,4] .D

20. Letz=a+bi. Then,a*+b*=1 and (a+1)2 +b? =3, so subtracting the two equations gives

I NG RN
a=—,sob="" Thus,|z+i|= |4 ¢ +#— +1§ =2 +/3. B

2

21. This value i2(8)(2) sir(%]:

22. Note that as; becomes large, the shape approaches the shape of the circle. We know that the

/ o
perimeter of a circle i2zr, so liin%nrsin?—)-/% 2/r. Thus,lim[nsin(znzﬂ. C
n" n ) N—oo n

23. Expanding gived (6)= sin(&)cos(% ]+ sin[% )cos(9)+cos(9)cos(%]— sin(&)sin(% } o)
1(8)=+/3cos(6), which has amplitude/3. C

24. Let the first quadrant solutions to the two equationg laand 3, respectively. Then, by the
properties of sine and cosinketother solutions are—a and 2/ #” , for a sum of3z. C
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25. The distance from the center of the cir(o«le-l)2 +)” =3to the linex—y+10=0 is
() ()€ 1y 10 _9v2,
() + (1) ?

6.4. Subtracting the radius eﬁ ~1.7 gives 4.7.B

26. The probability i 218 + 2y1L :E. Thus, the odds arE7:18, andb! a= 1. B
21 ) 20 21 {20 ) 35

27. Since this is a cubfanction(degree 3)taking differences of consecutive terms 3 times will
result in equal differences. Alternatively system of equations can be used to solve for the
coefficients of the polynomial, but that is more time consuming.

1115 |5 5 31 (9
14 0 10 26 f(g 31

4 10 16 (9! 57

6 6 f(6)! 73

Thus, f(6)—73= 650 f (6)=79. C

. 1 145 . .
28. We are looking fathe value of 1 + . Let x=1+=to obtainx = , and sincex is
141 X 2
I+-
!
. 1+ JE . " .
clearly positive, the answer 452— Note that the fact that the input value férwas » ! will

not affect the value of the limiB

29. There are a few ways that this can be apphed. One is to writeos(26) =2cos’ (6)—1, SO

\/—,,\/§+1 \/_"1

4CO§ \/_3+ 1 Then, cos 2/)

RN

30. By various methods (most easily found by writing out a few tetesqite not being very

) ) | IIO
rigorous), we find tha( %

n=1

. Thus,sin(26)=/1-cos’(20)

* 0 = X+ X 4. X+ X +...
x® 14 X+... X+X +..,
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Using sum formulas for infinite geometric series (assudﬁhgl) this matrix becomes

I x X X X

# $ _ _ 2 _

# Yor 1 %$ Hence,det I=x1=-x1_ X Xzziz—.’,, S0 -3x+3=x,and x=.75. C
# 1 X $ 1 X (1_)() x—1

Bow 1 %9 1-x 1-X



